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Abstract. When isobath maps of the seafloor are constructed
with a bathymetric sidescan sonar system the position of each
sounding is derived from estimates of range and elevation. The
location of each pixel forming the acoustic backscatter image is
calculated from the same estimates. The accuracy of the result-
ing maps depends on the acoustic array geometry, on the
performances of the acoustic signal processing, and on knowl-
edge of other parameters including: the platform’s navigation,
the sonar transducer’s attitude, and the sound rays’ trajectory
between the sonar and the seafloor. The relative importance of
these factors in the estimation of target location is assesed. The
effects of the platform motions (e.g. roll, pitch, yaw, sway, surge
and heave) and of the uncertainties in the elevation angle
measurements are analyzed in detail. The variances associated
with the representation (orientation and depth) of a plane,
rectangular patch of the seafloor are evaluated, depending on the
geometry of the patch. The inverse problem is addressed. Its
solution gives the lateral dimensions of the spatial filter that
must be applied to the bathymetric data to obtain specified
accuracies of the slopes and depths. The uncertainty in the
estimate of elevation angle, mostly due to the acoustic noise, is
found to bring the main error contribution in across-track slope
estimates. It can also be critical for along-track slope estimates,
overshadowing error contributions due to the platform’s atti-
tude. Numerical examples are presented.

Introduction

Sound waves are used to map and image the sea-
floor because of their radiative properties in water.
Such remote sensing operations are usually per-
formed with side-looking sonar systems, or with
multibeam echo-sounders [1]. Either class of sonar
systems can be used to provide bathymetry and
sidescanned imagery of the seafloor [2].
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In this paper, we investigate the theoretical accur-
acy and resolution of the spatial representation of
the seafloor when derived by a bathymetric sidescan
sonar system. In such systems, the location of reflec-
tors on the seafloor is derived from dynamic differ-
ential phase measurements of echoes received at the
transducer rows. The phase differences are con-
verted to elevation angles as a function of time [3],
yielding depths and horizontal distances across-
track. The magnitude and probable cause of uncer-
tainties in the phase measurements have been re-
ported elsewhere [4-5]. Here we are concerned with
the resulting errors in locating targets. In addition to
elevation angle errors, we take into account the
sonar geometry, the location of the platform and its
attitude at times of transmission and reception.
Refraction effects provide additional range and an-
gle errors that have been analyzed elsewhere [6].
Here, straight ray paths are assumed without loss of
generality as this correction can be applied indepen-
dently of the present study.

For sidescanned acoustic images of the seafloor,
methods have been deviseds to correct pixel posi-
tion for certain effects of varying platform attitude
[7]. Here, we are interested in the qualitative and
quantitative assessment of the image distortions.
The classical flat bottom assumption is not used.
Instead, backscatter values are mapped con-
sistently with the co-registered bathymetric data.

Based on a few non-restrictive hypotheses, a set of
equations is derived that serve two purposes: 1) as-
suming an exact, deterministic knowledge of the
attitude parameters, the target location is calculated;
2) the effect of the sonar’s attitude on the accuracy of
the target’s location is analyzed; and 3) from these
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error estimates, an assessment of the quality of the
resulting seafloor mapping is made, giving practical
indications on relevant data processing.

In Section 1, the geometry of the problem and the
location of a target are formulated in terms of
solutions derived up to the second order. Section 2
contains an error analysis applied to these formulae
for each of the potential error sources. In Section 3,
the analysis is expanded from the description of a
single target’s location to the statistical representation
of a plane rectangular area of unknown orientation.
Using additional hypotheses, the inverse problem is
solved, providing a recipe for computing the theoreti-
cal resolution of a bathymetric sidescan sonar system.
Numerical examples are given using realistic parame-
tersthatapply tothe SeaMARC IIsystem. Tokeep the
text more readable, most of the derivations are given
in the Appendices.

Notations

Most notations used in this text are summarized
below, with the exception of variables only defined
for intermediate steps. For the sake of clarity, the
variables are introduced again when first encoun-
tered in the text.

The standard deviation of a variable, x, is denoted
by the same letter as the variable, but with a tilde (X).

Platform:
P(l, m, m) location of the platform at transmit
Q(u, v, w) location of the platform at receive
J mid-point of segment PQ

i,j, k translation of the platform between
transmit and receive (PQ)

ar, ag,a yaw at transmit, at receive, and
averaged

Br. Bz, B pitch at transmit, at receive, and
averaged

U roll at receive N

7 approximate common value of &, f

N and ji, when applicable
(&, B, it refer to variations between pings)

Target:

2s round-trip slant range of a target

T measured time delay between ping
transmission and echo reception

1] measured elevation angle (relative to
the fish’s attitude)

& error in the measured clevation angle

w=¢+p+¢

Plane patch on the seafloor:
Geometry
Xo, Vos Zo location of the center (relative to the
platform’s location)

P« py  along- and across-track dimensions
0,0, along- and across-track slopes
Sampling

Ax along-track step between pings
Ay across-track sampling (bathymetry)
Estimates
{x,» {, estimates of the slopes 6, and 6,
h estimate of the fish’s altitude above the
center of the patch (z,)

1. Target Location
1.1. GEOMETRY OF THE PROBLEM

A reference frame in which the various attitude
components are defined is provided in Figure 1.
The cartesian coordinate system is oriented so that
X represents the direction of travel, ¥ the athwart-
ship axis, and Z the depth.

Depending on the application, all the parameters
introduced below are assumed to be deterministic
(their values are known perfectly) unless confi-
dence limits are available to constrain their esti-
mates. In the limit, parameters are set to zero to
establish a reference estimate.

Let P(/, m, n) denote the location of the fish at
transmit time, and Q,(u, v, w) its position when
receiving an echo at some time, 7, after transmis-
sion. P is unique for each ping, but Q, is an instan-
taneous location that varies with time as the echo

signals are received. Consequently, a vector PQ is
associated with each instantaneous return, and its
components i, j, k represent respectively the prin-
cipal forward translation of the fish occasionally
altered by surge, the lateral shift (sway) potentially
incurred by drift or yaw, and the vertical compo-
nent due to heave or pitch.

PO=(i=u—1Lj=v—mk=w—n). (1)

Tt is also convenient to define J as the midpoint of
segment PQ:

PJ =JQ = PQ/2. - )

The rotation angles are defined as follows: Roll is a
rotation about the fore-aft axis of the array, pitch is
the vertical angle between this axis and the horizon-
tal plane, and yaw is the horizontal angular devia-
tion of this axis from the mean course of the fish.
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Fig 1. Geometry of the problem. (a) Fish at transmit and receive, (b) Elevation angle measurement. Note that in this figure ay, ag, and
B are positive, whereas fr, ¢, i, and y = ¢ + u are negative.

Orientations of these angles are described in Figure
1. At transmit time (point P), we are only con-
cerned with yaw (a7) and pitch (87). Roll at trans-
mit is not a factor in the estimation of the target
location, it only affects the magnitude of the return
due to the rotation of the broad athwartship beam
pattern (typically > 70° wide at the half power
points). However, roll is critical on receive as it is
directly linked to the elevation angle estimation.
Yaw (ag), pitch (8z) and roll (1) are therefore used
on receive (Q).

Using these rotation angles, the orientation of
the main axis of the transducer rows is represented
by the unit vectors T at Pand R at Q:

| cos Br cosar
T= MM, Br) | 0| =
0 — sin

COS BT Sin a7 (3)

1 cos By COS ag
R =M (ax)M,Br) | 0| = |cosBr sineg| (4)
0 L —sinfy

where the rotation matrices M,(8) and M, («), re-
spectively describing pitch and yaw, are expressed
in Eq. (B3) in the appendices.

The main steps necessary to obtain the results
are presented below. However, for a complete
mathematical derivation, the hypotheses and inter-
mediate steps referenced in the main text are given
in the Appendix.

Assuming that the echo received at Q comes
from an ideal point scatterer on the seafloor,
M(x,y, z), the range and angle estimation problem
is predicated on the conditions listed below (the
relevant hypotheses are summarized in Appendix
A).
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(1) The elevation angle y is derived from the
angle of arrival, ¢, measured at Q in the plane
normal to R (Figure 1b), with some error, &, while
the fish has rolled an angle u:

w=0+u-+¢. (5)

Hence, the target M belongs to the plane (Q,Z)
obtained after rotating a vertical plane around R
with an angle :

OM-4=0 (6)

(Appendix B-I).

(2) The roundtrip range to M, 2s, is derived from
the measured time delay, 7, and a sound velocity, ¢,
integrated over the water column:

25 = |PM| + |MQ| = ct. (7)

This equation implies that for a fixed value of s, the
locus of point M is an ellipsoid with focus points P
and Q, and major axis 2s. Its eccentricity is close to
unity as the distance PQ traveled between transmit
and receive is much smaller than the range to the
target, JM or s (Hypothesis I in Appendix A).
Therefore, the athwartship sector of this surface is
approximated by the inner tangent sphere of equa-
tion:

JM? = s? — (PQ/2)?, (8)

which is exact up to the third order (Appendix
B-1I).

(3) The point M belongs to the domain of maxi-
mal insonification defined by the product of trans-
mit and receive beam directivities. With a sidescan
sonar system, both beam patterns are usually iden-
tical. The sonar platforms are designed to be stable
enough for the transmit and receive beams to over-
lap properly (Hypothesis II in Appendix A) so that
the farfield crossproduct area of maximal insonifi-
cation can be approximated by the median plane,
(ITy) (Figure 2):

R+T)-IM=0 9)

(Appendix B-III).

Fig. 2. Farfield maxima of acoustic beam patterns
(I17): at transmit (7L IT;):
(IR): at receive (R LI1z);
(I17): beam pattern product.

1.2. SOLUTIONS

Second Order Solution

The location of the target M can be found by
solving the set of simplified Egs. (6, 8, 9), which
amounts to finding the intersection of two planes
and a sphere. Calculations are carried to the second
order and are detailed in Appendix B-IV. For the
sake of clarity, terms involving elevation, v, are
often kept in the trigonometric form, although it
must be remembered that cos y and sin y stand
respectively for:

cosy = cosg — (u + &)sing — H(u + &)*cosg, (10)

and

siny =sing + (u + &)cosp — Hu + &)’sing.  (11)

The x, y, z coordinates of M are then given by:
x=1[+4%i +s(Bcosg + asing),

(first order relation) (12)
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y=m _Ssmw+]+—czos_¢
sing
+ sa (ﬂcos¢+aT> (13)

+ % [i(Bsing — acos @) + ksing],

1 in’
z=n+scosy +k +;1n¢_sﬂzcozs¢
(14)

+ 51—121(2)- [[(Bsing — acos@) + jcos @],

where « and § denote respectively, the average yaw
and pitch:

_OZT+(XR

a=—— and f (15)

_Br+Ba
-
In Eqgs. (12-14), terms are displayed in increasing
order from left to right. First order terms include 7,
and any products of s with «, 8, i, or £. Second
order terms are j, k, and products such as («, 8, 4,

&)ior (a?, af)s.

No Drift

The second order results of Egs. (12-14) are simpli-
fied further if one assumes that there is no drift.
This condition entails that the platform’s heading
1s always tangent to the trajectory. Recalling the
assumption that attitude angles vary slowly in the
time frame of the signal reception, it follows that j
and k are related to i through the average angles o
and b (Eq. 15) according to:

j=ai and k= —pi. (16)

As a result, the number of independent variables
that must be taken into account in the set (i, /, &, o,
B), is reduced from five to three. Eq. (12) remains
unchanged but Eqgs. (13—-14) are further simplifed,
so that the coordinates of point M are now given by:

x =14+ 4%i +s(Bcosg + asing), (17)
y=m—Ssinw+%j+5a{ﬁcos¢+a%b], (18)
. ,CO89
z=n+scosy + sk + sp - (19)

Although more than three parameters appear in
these three equations, they are written consistently
as no more than three independent parameters are
used in each of them.

1/2 (R+T)
‘ X
B ¥
o
JW/
o ~$ O (kgD
/;2 S
Az
—0L /\'M
¥,
Y
- Mo ™,
Y

Fig. 3. Approximate location of the target A/ with respect to

attitude angles «, 8, u, elevation angle ¢, and error in the

elevation measurement &. M is the “zero-order” location. Con-

sidering the angle orientations defined in Figure 1, « and ¢ are
negative in this figure.

First Order Solution
Finally, the first order solution with or without drift
is given by:

X =X+ 3i + s(Bcos¢ + asing), (20)

y =Yy —s(u + ¢)cosg, (21
z =2y — s(u + &)sin g, (22)
with the zero order components:
Xo=1, yo=m —ssing, z,=n + scosq. (23)

The geometrical interpretation of these equations
is quite intuitive, as shown on Figure 3.

In most applications, the zero order set of Eq.
(23) is used, under the basic assumptions made
when mapping bathymetric or acoustic backscatter
amplitude data: (1) attitude variations are neglig-
ible (T =R =X, u =0), (2) the translation of the
sonar between transmission and reception is ig-
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nored (P = @), and (3) the elevation angle is known
exactly (£ =0).

2. Error Analysis

When all the parameters are known exactly, the
center of the beam footprint is found through one
of the set of Egs. (12-14), (17-19), (20-22) or (23),
depending on the level of approximation specified.
When an uncertainty is associated with these pa-
rameters, the same equations can be used straight-
forwardly to derive the resulting errors on x, y, and
z, as long as the error on any parameter remains
consistent with the initial assumptions (e.g. i is a
first order length).

In this Section, the effects of errors associated
with each parameter are analyzed in detail. To this
end, and without any loss of generality, it is conve-
nient to define JM as the error on the target location
given by Eq. (23).

2.1. EFFECTS OF SLANT RANGE ERRORS

The slant range, s, is derived from the product of a
time delay, 7, by an average sound velocity, ¢ (Eq.
7), so the accuracy with which these two values are
known dictates the accuracy on s. The average
sound velocity c¢ is calculated by integrating local
values over the water column, and the accuracy of
this process is usually better than a few percents.
Uncertainties associated with the time delay are
dictated by the auto-correlation length of the trans-
mitted pulse, which is usually much smaller than
the time delay itself (a ratio of 1/1000 is typical).

The error associated with terms involving slant
range is an order of magnitude less than the order of
the terms themselves. Hence, to evaluate inaccura-
cies in the target location due to ds, it is sufficient to
consider terms of the zeroth order for dx and terms
up to the first order for dy and dz. Also, because x; is
independent of s (Eq. 23), errors in slant range have
no effect on the along-track mapping. Likewise, the
first order expressions of y (Eq. 21) and z (Eq. 22) are
linear is s, so that slant range errors are directly
reported in the (¥, Z) plane (Figure 4). However, the
relative error ds/s is likely to be fairly systematic
over a given homogeneous portion of survey. As a
consequence, slant range crrors will typically intro-
duce the same amount of across-track scale error in
backscatter images and bathymetry mapping, and a
multiplicative distortion in the same proportion will
also affect the bathymetric data.

<l

& T 7

-3
V4

Fig. 4. As the reflector M lies in a plane which is quasi perpend-
icular to X, the error in slant range Js is directly reported in the
(¥, ) plane.

The error in position relative to the position of
the fish at transmit can then be summarized by:
oy 0z _Os

dx = — = — 4
x =0, and y—m z—n § (24)

with ?=§£+5—T.

c T
2.2. EFFECTS OF ERRORS IN SONAR LOCATION

Errors associated with sonar location involve the
fish’s position (P) at the instant of transmission,
and its translation to the instantaneous reception
points (Q,). Without loss of generality, it can be
assumed that the reference poin_t’, 0, is the est-

imated location of P so that OP represents the
error in position at transmission time:

8,M= 0P ie. 6x,y,2)=(,m,n). (25

Terms related to the translation of the fish in Eqgs.
(13-14) indicate that the second order approxima-
tions of y and z are linear with respect to i, j and k,
so that it is possible to use this set of general
equations to derive directly:

5PQX = %51, (26)
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1+ cos?¢ ..
Opgy = 3 2 dj

27)

#[&wsmgn — acos @) + dksin @],
1 4+ sin?¢
5 ok

+

5PQZ =
(28)
+ S—lgﬂ [di(Bsing — acos@) + djcosg].

When there is no drift (Eq. 16), Egs. (17-19) give
the very simple result:

Seo(x, ¥, 2) = 3(6i, ], 6k) ie. d,gM PO/2. (29)

This error includes two parts: the forward motion
of the fish (in essence, 6i); and small fluctuations
(sway, heave and surge) typical for a towed instru-
ment (respectively, dj, 6k and a second order part of
6i). The overall target position error due to uncer-
tainties in the fish’s location is obtained by combin-
ing Egs. (25) and (29), yielding the vector OJ such
that:

Sp oM = OP + PQ/2= OJ. (30)

If the estimated fish track departs from its actual
trajectory, the difference is directly embedded in
the resulting maps. The first contribution (Eq. 25)
is linked to the navigation and the difficulty of
estimating the fish’s position relative to the towing
vessel. It reflects slowly changing large offsets, com-
pared to the small but faster variations recorded in
the second order part of Eq. (29). The main contri-
bution of this equation reflects the global distortion
of the backscatter images or of the bathymetry
which occurs in the along-track direction whenever
the fish’s translation is not taken into account.

A seemingly paradoxical result appears in Egs.
(29-30): heave has no effect on the athwartship
mapping (J,y = 0). Two observtions can be made:
1) This result is derived by assuming that the
instantaneous direction of the fish remains tangent
to its trajectory. Compared with Eq. (27), here the
pitch angle that generates a vertical displacement
compensates exactly the lateral deviation (Jy) that
would otherwise occur. 2) The offset # = OP, biases
the bathymetry through the error on the fish’s tow
depth. However, in the formalism presented here,
the backscatter mapping is based on the assumed
altitude of the fish, which is independent from this
bias. By comparison, such an offset has a dramatic

influence on pixel location when the backscatter
mapping is based on a flat bottom assumption, or
on an independent bathymetry data base. As a
consequence, a backscatter image whose pixel loca-
tion is directly processed through the whole set of
information collected by the bathymetric sidescan
sonar system is likely to be more accurate than
using any other pixel relocation scheme.

2.3. EFFECTS OF UNCERTAINTIES IN ROLL, PITCH,
YAW, AND ELEVATION

In the set of Egs. {12-14), elevation perturbations
(u+&) have no effect on x but affect first order
terms in y and z (through Egs. 10-11). Hence, roll
and elevation measurements are the leading causes
of error on (y—m) and (z—n).

o.x =0, 3D
0y = — 5COSQPID, (32)
0y2 = — $SINPS @,
with
0p=2adu+ o¢. (34)

Conversely, there is no first order error due to pitch
or yaw on y and z, whereas for the along-track
component x, the error is given by:

Op, pX = SSINGO + SCOSPOP . (35)

Compared to the zero-order mapping of a single
ping (Eq. 23), the distortions introduced by these
angles are clearly viewed by noticing that Eqs. (32~
35) yield the following approximations:

ox=(z—n)of —(y —m)de, (36)
oy = —(z — n)(du + &9), (37)
oz =(y — m¥du + J&). (38)

The first two equations describe how the attitude of
the platform affects the mapping of backscatter
data or bathymetry data, whereas Eq. (38) concerns
only the latter. As mentioned at the end of Section
1.2, in a system such as SeaMARC II, data are
mapped without taking into account the variations
of the attitude angles during a ping cycle. The errors
da, 0ff, and Ju take the values of the attitude angles
themselves. In addition, the errors are highly corre-
lated for contiguous samples within the same ping
because the sampling interval is much shorter than
the time scale of the dynamics of the vehicle mo-
tion. If the attitude parameters change sufficiently
slowly, on a time scale commensurate with the
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Fig. 5. For a horizontal bottom profile (D), each point M is

transformed into M’ by rotation around X with the small angle

4. For points such that the angle ¢ is not too small, the locus of

M’ can be approximated by the straight line (D’) which forms an
angle 4 with (D).

duration of echo reception from the seafloor for a
given ping, in the limit the attitude variations can
be considered negligible so that the corresponding
errors change only from one ping to the next.

Looking at this idealized figure for a single raster
line, Eq. (35) shows that the along-track shifts result
from two effects that can be interpreted as (Figure
3): 1) A forward or backward shift caused by pitch,
whose cross-track variations are dictated by the
corresponding bathymetric profile, Within a homo-
geneous portion of survey, this translation can be
approximated as an along-track offset. As the along-
track width of the footprint of the beam pattern
increases across-track from nadir out, the relative
effect of pitch prevails near nadir. 2) Yaw causes a
global rotation of each raster line, independent of
the relief. Hence, unlike pitch, the effect of yaw is
negligible in the central part of the swath.

Both Egs. (37-38) are a sum of two terms whose
effects differ because of their behavior between
adjacent samples. In the case of roll, if we consider
a segment of raster line whose time span is signifi-
cantly shorter than the roll period, Eq. (37) implies
that roll contributes to the global lateral translation
of this segment of bathymetric profile or sidescan
raster line when the variance of the profile is not too
large. Accordingly, Eq. (38) implies that roll intro-
duces a bias in the bathymetry, independent of the
local relief, by adding a cross-track slope u (Figure
5). Depending on the extent of the roll period,
the validity of the approximation may be ques-
tionable over a whole raster line. However, the

analysis developed in Section 3 concerns rectangu-
lar patches of the seafloor whose width is only a
fraction of the total swath width, so that the above
approximation applies.

Conversely, the error 6 can be considered as
random, without any coherence from one elevation
measurement to another. The magnitude of this
error is mostly dictated by the signal-to-noise ratio
of the seafloor echoes. For each side, bathymetric
samples are derived within an athwartship sector
approximately bound in elevation between 10°-15°
and 55°-60°. The lower limit is meant to eliminate
the near-nadir specular reflections that cannot pro-
vide useful phase measurements. The upper limit
corresponds to the onset of the first bottom multi-
ple echo which is often strong enough to cause
dramatic interference in the phase measurement.
Hence, within this sector, the relative variations of
slant range remain smaller than 2. In addition, the
arrays are mounted on the platform with a tilt angle
(e.g. about 45° for SeaMARC 1) so that the direc-
tivity in the across-track plane compensates par-
tially for the slant range variations. Consequently,
the deviation of the elevation error, & can be ap-
proximated by a constant when considering a set of
bathymetric samples gathered over a homogeneous
area. This approximation is in agreement with the
variances that are observed when processing raw
data recorded with the SeaMARC II system [4]. It
also applies to the small rectangular patches of
seafloor that are considered in Section 3.

2.4. SPATIAL SAMPLING

Regardless of the accuracy of the measurements,
the quality of the seafloor representation derived
from data collected with a bathymetric sidescan
sonar system depends also on the spatial sampling
process. This process is usually anisotropic. Due to
the finite acoustic beamwidth (6,,,) in the along-
track dimension, and the short horizontal projec-
tion of the pulse length in the cross-track dimension
(dy), each seafloor echo received results from the
signals backscattered by a narrow strip of length dx
along-track. Considering a homogeneous portion of
survey for which the average altitude of the fish is
denoted 4= z—n, the length of the footprint is
simply estimated by:

dx == $0355 = (h* + ) 0s45. (39)

This echo integration over each strip reduces the
apparent spatial bandwidth of the along-track relief
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to the approximate spatial frequency:
Viax = (2dx) ™1, (40)

Hence, the speed of the ship and the transmission
period are adjusted according to the aperture of the
transducer array (6,,5) and the average altitude of
the fish above the surveyed area (%), so as to
provide an along-track step Ax with minimal spa-
tial aliasing:

dx=Ax (=1). (41)

It is important to note that the along-track resolu-
tion is bound by the spatial frequency v, given in
Eq. (40), which may be much lower than the opti-
mistic value (2Ax) .

The cross-track sampling of the backscatter data
is approximated by dy. However, bathymetry data
usually require longer spatial integration intervals
across-track (Ay). A lower limit on this interval is
dictated by the angular resolution, &, of the eleva-
tion measurements:

Ay = hé. (42)

This interval also implies that the data will only
contain components of the relief with cross-track
spatial frequency up to (2Ay) .

3. Representation of a Plane, Rectangular Area
3.1. THEORETICAL DEVELOPMENT

As indicated in Section 2, the uncertainty asso-
ciated with the sonar’s attitude and position during
measurements has a direct impact on bathymetric
accuracy and on proper positioning of backscatter
pixels. In this section, the analysis is expanded
from errors in the location of a single target to a
theoretical assessment of the sonar system’s ability
to reproduce faithfully the spatial characteristics of
the terrain surveyed. One way to approach this
problem is to determine the size of a patch of
seafloor whose depth and slopes can be properly
represented with the system.

The analysis is restricted to small-scale fluctua-
tions. Systematic distortions due to slant range
errors and the along-track progression of the fish
are not addressed here. Variations occurring very
slowly from one ping to another due to navigation
errors, as well as the remaining second order fluc-
tuations in the position of the fish, are also neg-
lected. Consequently, only first order effects of
uncertainties in roll, pitch, yaw, and elevation are

considered, through Egs. (36-38). The analysis
builds on the first order approximations derived in
Section 1.2, but 7 is discarded in Eq. (20), and the
origin of coordinate O is reset, for convenience, at
the initial fish position P (/I=m=n= () in Eqgs.
(20-23).

We consider a sloping, rectangular, plane area
centered at point H(x,, y,, X,) whose equation is:

HM-N=0

with 43)

ed . .
N =(sinf,cosf),, — sinf,cosf,, cosb,cosb,),

where 0, and 0, respectively stand for along- and
across-track slopes. We assume that this patch has
been surveyed with (2L + 1) pings consisting of
(2W + 1) across-track samples each. Within this
patch of seafloor, z, , denotes the depth of the gth
across-track bathymetric sample from the pth ping,
deduced from measurements of pairs (¢, 5), ,, 1.¢.
z, , =8, ,c08 9, ,. The representation of the relief is
built with points (x,,y,, z, ,), by mapping the as-
sumed depth values z, , at the theoretical locations
(x,, y,) in the horizontal plane:

X, =X+ pAx (—L=p=<lLl) (44)
Vg =Yo T qAy (—W=g=W). (45

However, due to the fish movements and the noise
in the elevation measurements, the processed
echoes come from actual locations on the seafloor
centered at points M(x, + dx, y, + dy, z, , + 6z).
Consequently, the mapped depth values are de-
duced by solving the plane Eq. (43) so that, using
Eqgs. (44-45), it gives:

z, 4 =29 — (DAx + dx) tan 0,

+(qAy +dy)tan 6, — oz (46)
with the intervals dx, dy and Jz as defined in Egs.
(36-38).

Given the set {z, ,} over the rectangular array,
we are interested in the statistical characteristics of
the representation of the seafloor, i.e. the estimates
of the slopes ({, and {,) and of the depth # at the
center of the patch, as well as their variances (2,
(2, and h?). The uncertainty associated with each
sample, M, is treated as noise made up of a combin-
ation of uncertainties in roll, pitch, yaw and eleva-
tion. However, the attitude variations are con-
sidered quasi static for the time interval during
which seafloor echoes are received. Therefore, for
ping number p, the attitude angles take the values
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a,, B, and u,. As & accounts for the noise in the
elevation measurement itself, it varies indepen-
dently for each sample g within a ping: £ =&, ,. All
these quantities are assumed to be Gaussian ran-
dom variables with standard deviations &, 8, /i and
&, respectively. As systematic distortions are not
addressed here, they are assumed also to be zero
mean.

A two-dimensional linear regression is per-
formed on the set {z, ,} to provide the estimates {,,
{,, and h. They are obtained by minimizing the
mean square distance between the estimated plane
and the samples:

> > D;, minimal!
r 4

with (47)

D,,=— pAxtan{, +qAytan{,+h—z,,

This classical least squares problem requires to
solve:

XD, ,=0,XXD,,p=0,22D,,q4=0. (48)
r g p g P q

Using the resultant estimates, the corresponding
variances are calculated. Owing to the Gaussian
statistics assumption, the calculations are carried
out using linearity of the variance for independent
variables. Details are found in Appendix C, with
explicit results in Egs. (C12, C14-C15). However,
much simpler results can be obtained if the follow-
ing additional conditions, owing to the specific
situation of sidescan sonar systems, are considered:
Condition 1: Qualifying the ability of a bathy-
metric sidescan sonar system to give a meaningful
representation of the seafloor requires that the size
of the test patches (p, along-track by p, across-track)
remains reasonable compared to the whole geome-
try of the setup. In other words, we are only inter-
ested in finding statistics over area limited to:

o =L + DAx S 2,
and (49)
p,=QW+ DAy <z,

Condition 2: As implied by the current capabili-
ties of shallow-towed bathymetric side-looking
sonar systems, valid bathymetric samples are ob-
tained on each side over relatively narrow athwart-
ships angular sectors (e.g. usually smaller than the
interval ]10°-60°). Hence, no restrictions are im-
posed when considering small rectangular patches
of the mapped seafloor such that the coordinates of

their center, v, and z;, have the same order of
magnitude. In addition, the technique based on
differential phase measurements is not appropriate
for deriving bathymetric samples from specular
echoes. Therefore the analysis applies only to sea-
floor patches whose orientation does not yield spe-
cular returns.

Condition 3: This study is limited to seafloors
yielding bathymetries without very steep slopes:
Doing so, the tangents of these slopes cannot be
much larger than unity. There are several reasons
why this restriction will not inhibit the generality of
the results: First, this condition is consistent with
Condition 2 (z, = y,) for the across-track slopes, if
one notices that a sidescan sonar cannot properly
map areas that either lie in an acoustic shadow
(votan 0, = z,) or generate multiple synchronous
echoes (z,tan 6, < — y;). In addition, the spatial
sampling inherent to the sonar system (Section 2—
4) has the effect of smoothing the representation of
the relief. Another smoothing effect occurs because
of the size of the rectangular patches used in the
least squares fitting processes applied to build the
bathymetry.

Condition 4: Generally, amplitudes of the fish
angular movements are similar in every direction,
i.e. @ and B have the same order of magnitude. In
addition, we assume in this paper that roll (it) has
also the same order of magnitude. However, there
is no such relation for the noise in the measure-
ments of the elevation angle (&), whose average
amplitude is usually larger than the angular varia-
tions in attitude.

The solutions under these conditions are given
in Appendix C (Eqs. C16-C18). Several particular
cases of interest can be derived.

Single datum
The variance of a single bathymetric datum can be
directly calculated from Eq. (C18) with L=W=0:
h* = (&3 + Bz5)tan’ 6,
@+ O+ zotan ) 0
Following the restriction introduced by Condition
2, the validity of the contribution of elevation
uncertainties (it and &) is limited to seafloor patches
that do not yield specular reflections, i.e. such that
the term (y, + 2, tan 6,) is not very small when 6, is
very small. This restriction applies also for the
results that follow.
Now, looking at single lines or rectangular areas,
further simplifications apply when there are at least
5 samples (N = 2) along the given direction, as the
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ratio (N + 1/2)2N~ (N + 1) ~! is then very close to
unity. Egs. (C16-C18) give finally in the three
following cases:

Part of a single ping
When L=0 the expected accuracy in mapping part
of an across-track profile is given by:

{2 = (&%cos?0, + B*sinf;)tan*6,cos*6, + it
(51

g 12?y (35c08 8, + z,sin6,)*cos? Gy,

+&

¥y
h? = (%2 + pzd)tan?0,
(52)

+ézp >(y0-1-zotant9)2

y

Along-track segment
Likewise, when W=, results for an along-track
line are:

Z2=~12cos 6, ’;— [(a 12 + B2z3)sin?6,

N (53)
+ (/2 + E)(»y + zo tan 6,)*cos® 6, ],

h*= o (a 12+ B2z8)tan? 6,

o (54)
+ (% + &)y + zo tanb,)?).

Rectangular patch

Now, we report the case of a rectangular patch
which is relevant to our initial question. The ap-
proximated variances over slopes are given by:

{2 =12 cos* 6, % [(&Zyg + B?z3)sin? 6,

(53)

+< +fxp >(yo+zotan9)2cos 01
y

gl

D= i—x [(&Zcos2 6, + B*sin?,)tan’6,cos?6,

(56)
(yoc0s 0, + z, sinb,)*cos? Hy} ,

v, 12A
+p2+ &Y
y
whereas the standard deviation over the depth

offset is simply related to that of the across-track
slope’s through:

0.3 .

h= 052 0, Cubs- (57)

Anticipating on the results deduced later on in
Appendix D (Eq. D7), we mention here that using
realistic numerical figures, the influence of the atti-
tude movements upon the across-track variance is
very weak so that Eq. (56) can often be reduced to:

{2 = 12cos%0,

Aprgj(yocos 0, + z,sin6,)*E%  (58)
Xy

Hence, for bathymetry built after filtering the data
in both along- and across-track directions and ac-
cording to the approximate result in Eq. (58), the
accuracy on the across-track slopes is mostly dic-
tated by the noise in the elevation angle measure-
ments. On the other hand, all the angular variations
(attitude and noise) contribute to the along-track
slope error and the depth offset. A simple analysis
of the previous results leads to the following com-
ments:

Variance of the across-track slope (Eq. 58/

The effect of the noise in the elevation measure-
ment is maximal for a small grazing angle, i.e.
with 6, = sarctan(zy/y,). It vanishes for patches
whose cross-track orientation tends to be perpendi-
cular to the platform-target direction, i.e. for 8, =
— arctan(yy/z,), except when 6, is very small and
leads to specular reflections.

The actual along-track slope has no influence on
the across-track slope estimate. However, as men-
tioned previously, Eq. (58) is not valid in case of
specular inflection, which may occur only if |8, | is
very small (e.g. < 5°).

Variance of the along-track slope (£q. 53)

The contributions of pitch and yaw are indepen-
dent of the across-track slopes (6,) and increase
with the along-track slope to be maximal at
|6, | =45°.

The influences of roll and noise are divided by 4
when the along-track slope varies from 0° to 45°.
However, the most dramatic changes occur with
the across-track slope. When the seafloor patch
yields specular returns, the influence of these pa-
rameters is vanishing (regardless of 6,), whereas
their contribution is maximal if the area is seen at a
very small grazing angle.

Depth offset (Eq. 57)
The contributions of pitch and yaw are indepen-
dent of the across-track slopes (6,) and increase
with the along-track slopes.

The contributions of roll and noise are indepen-
dent of the along-track slopes (6, ). The behavior of
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these two parameters with respect to the across-
track slopes is the same as for the estimated along-
track slope.

3.2. INVERSE PROBLEM

The formulas derived above are useful in cases
where the degree of confidence of the mapping
results must be evaluated. The inverse problem is
of more practical interest: it can be defined as
finding the size of the window (p,, p,) that must be
used to convolve the data in order to produce a
smoothed bathymetry whose accuracy is quantified
by a given variance, {?, in the estimated slopes. As
concluded from Egs. (55-56), the variances in the
slopes depend on many parameters, and typical
lengths p, and p, must be estimated by using values
that are representative of the average operating
conditions. Once the size of the rectangular area
has been determined, actual limits for the variances
can be calculated.

Hence, we choose to set ),=z, because the
sidescan sonar geometry is such that an angle of
incidence of 45° points roughly to the middie of a
one-sided cross-track profile (Condition 2 in Sec-
tion 3.1). Moreover, a common standard deviation,
%, is assigned for the attitude rotations (Condition 4
in Section 3.1), so that Eqs. (55-56) are reduced to
Egs. (D1-D2) in Appendix D.

Ideally, we are looking for results that are valid
regardless of the shape of the terrain in the area
surveved. In practice, we need to evaluate the
reference slope variance, {2, for a typical mode] of
the seafloor. However, it will be shown that the
choice of the seafloor model is not critical. In a first
model, we just use a flat patch. The dimensions can
be calculated from:

(Appendix D-1.a).

The first equation is written in a way that em-
phasizes the order relation p, = p,.. Eq (60) defines a
fast converging process whose seed can be deduced
from either of two limit cases: Whenever the noise
in the elevation measurement is large enough, the
factor in brackets that is present in both Eqgs. (59)
and (60) can be approximated by unity. This leads
to the simple result:

—1/2
pe = p, = 1.9[AxAY 23] EJ 6D

whose condition of validity is found by replacing
this value of p, in the initial assumption:

&’_ }:}_2% 1 9 [A_X_Z_g:|1/4 [_ﬂ
Ay & T L)' L8
From a practical point of view, it is important to
notice that if this condition is verified, the in-
fluence of the attitude angular movements is negli-
gible to determine the size of the patch, hence solely
defined by the noise remaining in the processed
data (&). Another theoretical limit case applies if
the orders of magnitude in Eq. (62) are reversed
(Appendix D-Lb), yielding an alternative seed (Eq.
D11) for the general iterative solution (Eq. 60).

As a second situation, the inverse problem is
solved for a seafloor model whose across-track and
along-track slopes lie, with a constant probability,
between — 45° and 45° (consistent with Condition
3 of Section 3.1). Details are found in Appendix
D-II. The results take now a form very similar to
the previous case Egs. (59-60):

]m< 1. (62)

,02:,111+13&?—2 2 (63)
X . . Ay 52 y,
E71/2 52 1178
pyzl.S[AxAyzé]”“EJ [1+1.3%}%§] , (64)

with the same seeds (Eq. 61 or D11) as above.
Consequently, numerical values derived from both
seafloor models will be very close. This suggests
that it is not important to use a more sophisticated
seafloor model to answer our initial question.

3.3. APPLICATIONS AND NUMERICAL EXAMPLES

We are looking now for numerical figures. First, the
across-track step, Ay, is chosen consistently with
the level of noise remaining in the processed eleva-
tion data, i.e.:

Ay = hE. (65)

With a system such as SeaMARC II, the follow-
ing numerical values are common:

a~f ~j~1/100rad, &= 1/20rad,
Zo=3000m and Ax=40m (66)
(Vo = zp and Ay = 150m).

Using these parameters, we are looking for the
minimal size of a flat patch whose slopes can be
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determined within an accuracy of 1/10 rad in both
directions. In that case, one finds that the left side
of Eq. (62) is about 0.17, so that the approximate
result given in Eq. (61) applies:

P =p, =640 m. (67)

The standard deviation for the average altitude
above the bottom (Eq. 57) lies around 18 m.

Assuming now that the noise in the elevation
measurement is lower:

E~1/30rad  (Ay =~ 150 m), (68)

the condition given in Eq. (62) is no longer satis-
fied, and the general solution must be used (Egs.
59-60), taking either Eq. (61) or Eq. (D11) to seed
Eq. (18). In that case, one finds that the minimal
size of the patch is:

P2 530m and p, =450 m, (69)

with the standard deviation for the average altitude
above the bottom lying around 15 m.

These results give an indication on the size of the
window that must be used to convolve SeaMARC
II data in order to obtain a smooth, reliable ba-
thymetry. On the other hand, they also provide
information on the resolution of a bathymetric
sidescan sonar system. For SeaMARC II, with pa-
rameters defined in Eq. (66), one cannot expect to
obtain a reliable bathymetric representation of fea-
tures whose surface extent is significantly smaller
than the size given in Eq. (67). Values given in Egs.
(67, 69) are in agreement with the minimal size of
the window that are used in practice to filter Sea-
MARC II data [8, 9]. In addition, rms differences
between the bathymetry resulting from a nearly
complete Sea Beam mapping of Fieberling Guyot
(32.5°N-128°W), and SeaMARC II bathymetry
collected over this Guyot were found to be less than
35 m [10]. Considering the difficult mapping geom-
etry presented to the SeaMARC II system by a
Guyot rising some 4000 m above the surrounding
seafloor, and the uncertainties associated with the
Sea Beam bathymetry taken as a reference, this
result is compatible with the expected deviation
calculated above in this section.

If filtering with a window of appropriate length is
not performed, the accuracy of the representation
is degraded. For example, using the solution of the
direct problem (Eqgs. 55~57), with the same param-
eters as above (Eq. 66), and scanning a flat, hori-
zontal square patch of 300 mx300 m, the variance
over the slopes in both directions is large

({~0.45rad~25"), resulting in meaningless slope
estimates.

Summary and Conclusions

A theoretical investigation about the spatial charac-
teristics of seafloor representations obtained by
means of a bathymetric sidescan sonar system has
been presented. The effects of the platform’s move-
ments and of the specific polar form (range and
elevation angles) with which such a system gathers
data are emphasized.

First, formulas that allow to calculate the theo-
retical location of quasi punctual targets have been
derived. The second order general solution (Eqs.
10-15) is given for reference and to calculate
“exact” results, i.e. beyond realistic accuracy. Eqgs.
(17-19) apply when the platform does not drift.
The more practical, first order solution which is
common to both cases (with or without drift) is
written in Egs. (20~23). The specific influence of
errors in each parameter on the uncertainty in
target location is evaluated and discussed. This
analysis applies for both bathymetry and side-
scanned acoustic imagery of the seafloor.

In the next step, general expressions for the
variance in the slopes and altitude estimates of a
plane, rectangular patch of seafloor are derived,
depending on the size and orientation of the sea-
floor patch, as well as its location with respect to the
fish (Egs. 55-58). This allows to solve the inverse
problem which is central in this study. The solution
of the inverse problem gives, in practice, an indica-
tion on the size of the window that must be used to
filter noise out of the bathmetry. As a conse-
quence, the solution also provides information
about the actual horizontal resolution of the final
isobath map.

We summarize here the recipe for calculating
these lengths. If the condition given in Eq. (62) is
verified, the solution is written in Eq. (61). Other-
wise, the latter equation provides a seed for the fast
converging recursive formula given in Eq. (60). The
across-track length is then used in Eq. (59) for
finding the along-track length.

For the sake of clarity, the derivation shown in
this paper is performed by using the assumption
that the angular movements of the fish (pitch, yaw,
roll) have the same average amplitude. However,
more specific solutions can be easily derived by
following our method, starting from the solution of
the direct problem (Egs. 55-57).
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The test mentioned previously (Eq. 62) under-
scores the critical effect of the uncertainty in eleva-
tion angle. In practice, the accuracy of across-track
slope estimation depends mostly on this parameter
(Eq. 58). In certain cases (Eq. 62) it may be also the
main contribution to along-track errors in slope
estimates and in average altitude, overshadowing
uncertainties due to the attitude parameters. As a
result, areas surveyed with low grazing angles are
poorly represented. For example, this situation oc-
curs with SeaMARC 11 for which the standard
deviation of the elevation angle error can be as
large as 1/20 rad. In any case, as expected, the
bathymetry of a scarp when surveyed along-strike
will be more accurate on the up-hill than on the
down-hill side.
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Appendices

A. HYPOTHESES

The following hypotheses are used in the derivation. They
match normal operating conditions of sidescan sonar systems
and therefore do not restrict the generality of the results. Ray
bending has not been taken into account, but a) variations in
travel time are handled as part of the error analysis (Section 2),
and b) mislocation due to ray bending can be applied on top of
the results of our analysis.

Hypothesis I
With a sidescan sonar system, the beam pattern of the trans-
ducers is a fan that is narrow in the horizontal plane:

Oup <1, (68 Oz =~ 1/20 rad) (A1)

The speed of the survey is chosen so that the distance traveled
between transmit (P) and receive (Q) is smaller than the along-
track dimension of the footprint of the beam on the seafloor to
ensure 100% coverage along-track. Hence:

POIIM < 0548 (A2)

As a consequence of Eq. (Al), the following conditions are
always met, even with a deep-towed system:

PQ RIM =i <s. (A3)
Hypothesis 11:

Again, to ensure proper operating conditions, the fish which
carries the antenna is designed to provide enough stability so

that transmit and receive beam patterns overlap sufficiently.
This requires that the differences (a7 — ag) and (87 — Bz) follow
a condition similar to Eq. (A2):

lar —ag| <05 and |Br— Brl S Osgp, (Ad)
so that, from Eq. (A1), there is also:
lag —ag| €1 and |[Br— Bgl <1. (AS5)
Hypothesis HI:

The fish is towed along the x-axis, so that it is not restrictive to
assume that the lateral variations j and k remain much smaller
than the along-track progression, i:

jli<l and k/i<l. (A6)

Eq. (A6) is usually verified as long as ar, f7, ag and S <1.
However, if one of these angular conditions of attitude is not
true, and because of the previous condition (Eq. A5), Eq. (A6)
may still be verified if the fish is drifting in the corresponding
plane. For example, with ay = ax =~ 10° (Jar — ay| <€1), and a
strong lateral drift current (same value, i.e. around 10°), the
variations in true heading remain small and still yield j/i <1.

Hypothesis IV:

Finally, attitudes angles, as well as elevation error ¢ must
remain small enough to permit developments of trigonometric
functions up to the second order (siny=tany=jp and
cos y = 1 — p¥2). This is true as long as:

af, B}, ok, PR, u? EP< 1. (A7)

In finding the location of a target M as defined in Section 1.1, a
direct computation is cumbersome and the level of approxima-
tion to apply is critical in order to derive pertinent results. With
s as a reference length, the orders of magnitude are ranked to
indicate which contributions will be omitted:

(ar, ag, Brs Brs 15 €)s and i are considered first order
lengths;

(ar, ag, Br, Br 1, §)i, (any angle product pv)s, j and
k are second order terms.

The developments will carried up to the second order, i.e.
terms like (aptiags), (a o gi) or (aj) will be discarded. Hypothe-
sies I through IV being verified, rather large attitudes angles are
still possible. For example, with a roll amplitude u of up to 10°,
the accuracy over z will remain better than 0.1% (third order
component in the development of sin u is 43/6 = 8.9 107%).

B. STEPS IN THE DERIVATION

Notation: Foliowing Eq. (2), let X, ¥, Z denote the coordinates
of vector JM that emphasize the target location with respect to
the fish’s position at mid travel between transmit and receive:

JM =(X,Y,Z)=0M— OP — PQ/2, (B1)
in which O is the origin of the cartesian coordinate system, i.e.:
X=x—(~i2, Y=y—m—jl2, Z=2z—n—k/2. (B2)

Using matrix notations to describe rotations, roll pitch and yaw
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are given respectively by the following matrices:

1o 0 |
M (1) = 0 cospu —siny
LO sing  cosu

rcosﬂ 0 sinﬁ_

M,(B) = 0 10 g, (B3)
L-sinﬂ 0 cosp

cosa —sina 0
M ()= sine  cosa O
L 0 0 1

i

SEcTION B-1

The elevation angle y from the sonar to the target is_}deﬁned as
the angle by which the vertical plane containing R must be
rotated around this vector to include the target. In order to
express the first condition listed in Section 1.1 (Eq. 6), we denote
A the unit vector such the (0, A) defines this tilted plane I1
containing the target M (Q €11, A 1L I1. Using matrix notation, A
is expressed by:

0

A =M (ap)M,(B)M () | !
0

(B4)
0

= ‘Mz(aR)My(ﬁR) cos ¥
sin i

Note that in Figure 1b, (ﬁ V’, 2’} is the reference frame of the
fish corrected for roll, 50 7 is the horizontal unit vector perpen-
dlcular to R and Z, and Z’ forms an orthonormal base with Rand
v’. Using this reference frame, Eq. (B4) is simply written:

A =7 cosw + * siny. (B5)

Taking J as the origin of coordinates (Eq. 2), any point M in the
plane (Eq. 6) satisfies:

M4 =

PO-A. (B6)

e

SeEcTioN B-II

The second condition of Section 1.1 defines the ellipsoid where
M lies at constant range from P to Q (Eq. 7). To find an
approximation of this surface in the athwartship sector, the law
of cosines is applied to the triangle PQM, vielding:

MP— QM2=2PQ - JM. (B7)

Expanding the left side into a sum and difference product and
using Egs. (7) and (B1), this equation becomes:

PQ-JM =s[|JM + PQ/2| — | JM — PQ/2|]. (B8)

As shown in Hypothesis I (Egs. AI-3), the distance PQ between
the focus points is much smaller than the average radius s.

Consequently, if | ﬁ/fl is factored out on the right side of Eq.
(B8), the remainder can be expanded in a Taylor series, keeping
terms up to the third order in (PQ/JM )

PQ-JM (B9)
PQ-JM PQYPQ-JM) (PQ-JM)}

JM? 8JM* 8IM¢

Under normal operating conditions, for any given ping, the
cross-track profile of the bottom measured by the sidescan sonar
lies in a plane that is approximately perpendicular to the direc-
tion of motion PQ. Hence, PQ - JM is at least one order of
magnitude smaller than the scalar product | PQ | | JM |, so that

the last term on the right side of Eq. (B9) is actually of fourth
order and can be neglected, yielding after simplification:

=sJM

PQ? }
JM=5|1—- B10

g [ 8IM? (B10)
Squaring both sides of this equation and solving for JM? up to
the third order yields the equation of the inner sphere tangent to
the ellipsoid (JM? = s> — (PQ/2)%, Eq. (8)).

SectioN B-II1

Considering Condition 3 in Section 1.1, the plane (T1;) = (P, T),
represents the across-track area of maximal insonification in the
farfield of the transmitter (Figure 2).ﬁLikewise, the correspond-
ing plane at reception is (I1z) = (Q, R). In the ideal case where
the sonar experiences no pitch, or yaw, these two planes are
parallel. In cases where there is pitch or yaw, they intersect along
a line, so that for any point I along that line:

-

IP-T=0. (B11)

10 -R =0. (B12)
Following Hypothesis I1 (Egs. A4-5), the dihedral angle formed
by planes (P, T)and (0, R) is very small and remains within the
same range as the angle measured at the half-power point of the
one-way beam patterns (receive and transmit beam patterns are
supposed to be identical). Hence with Hypothesis I (Egs. A1-3),
it is reasonable to approximate the locus of the maxima of the
product of the farfield beam patterns by the plane (ITy,) bisecting
the dihedral angle. Consequently, for any point M in the bisect-
ing plane,

IM-R+T)=0. (B13)
Using Egs. (2, B11-12), I'is eliminated from Eq. (B13), vielding:
R+T)-JM=R—-T)-PQ/2, (B14)

which remains valid when the transmit and receive planes do
not intersect, i.e. R=T. The magnitude of the right side of this
equation is of third order 50, it 1s discarded when handling the
analytical calculation ((R + T) JM = 0, Eq. (9)).

SEcTION B-1V

Solving the set of Egs. (B6, 8~9) is conveniently performed by
first partially solving the two linear Egs. (B6) and (9). Both
equations are rewritten here using the notation introduced in
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Eq. (B2) and omitting part of the terms beyond the second order,
but for clarity not always expanding tan y:

X[ag — Bptany] — Y[1 — o + fragtang]

=Z[tanq/—/f,%@r2’—¢] (B15)

— H[i(Br tan ¢ — ag) +j + k tan ¢],
and
X[2 — Yot + o} + B3 + B3]+ Y(ar+ ap)

(B16)
=Z(Br + Pr)-

One obtains the partial solution for this system as a function
of Z:

X =3Z[(ar + ag)tan ¥ + (Br + Be)l, (B17)

and
Y=Z[—tan + ogBr—e
v RER D cos? ¢

+ ¥astan ¢ + Br)(ag — Prtan ¢)} (B18)
+[i(Br tan ¢ — ag) +j + k tan ¢].

Combining the partial solution with the equation of the
sphere (Eq. 8) vields the following quadratic equation in Z
(reduced to the second order).

ZH1 + Y(ar + ag)sin ¢ + (B + Br)cos ]
— tangfagfr + (arsing + frcosg)agcosd — Brsing)]}
(B19)
— Z sin @[i(Brsing — agcos@) + jcos g + ksing]

., cos* ¢

+i — s2cost w =0.

As previously, trigonometric expressions of the elevation y
stand for their development given in Eqs. (10-11). The solution
of Eq. (B19) is calculated up to the second order:

Z =scosy — %S{,BR[(O‘T — ag)sin ¢ + frcos ¢)]

+ CO: ¢ [(oeg — ag)sin ¢ + (B — Br)cos @] 2}
(B20)
1'2
— g;cos 1]
+ §“;—¢ [i(Bgsing — agcos) + jcos¢ + ksing].

Then, replacing Z in Eqgs. (B17-18) gives respectively the along-
track and across-track coordinates:

X = is{(ar + ag)sin ¢ + (B + fr)cos ¢
(B21)
+ (U + E)(ar + ag)cos ¢ — (B + Bg)sin ¢},

Y= —ssiny + % {aR[aTsingb + (Br+ fr)cosd]

302 (o~ ay)sin g + (7 ~ fr)cos o}
(B22)
2.
+ 35 sin ¢
+ cos ¢ [[(Bx sin ¢ — agcos @) + jcos @ + ksin ¢].

2

Egs. (B20-22), in conjunction with Eq. (B2), give all the terms
that should be taken into account in the worst cases. However,
by adding some realistic assumptions, a variety of results can be
derived from this set of equations. First, the along-track dimen-
sion of the beam footprint is commensurate with sy, i.e. a first
order quantity (Eq. A2). Hence, second order terms int Eq. (B21)
are much smaller and can be disregarded in the determination of
X. In_glddition, as mentioned above, the along-track component
of PQ (i.e. i) is always much smaller than the range 5. Although
i/s is considered and kept as a first order quantity, the ratio
i%/(85?) is always much smaller than other second order terms in
Eqgs. (B20, B22) and can be neglected. On the other hand, large
variations of pitch or yaw are unlikely to occur within the time
interval between pulse transmission and seafloor backscatter
signal reception. For instance, yaw at transmit can be as large as
ag = 1/5 rad, as would occur in a strong lateral current or during
a course change, aithough the rate of change of yaw is slow
enough so that the difference in yaw between transmit and
receive remains smaller than |y — ag| < (1/50 rad. As aresult,
yaw and pitch values can be substituted by their average (E. 15),
and the second order terms involving the variations of these
angles can be disregarded. Applying these approximations to
Eqs. (B20-B22) leads finally to the set of simplified relations
given in the text (Eqs. 12-14) that is used subsequently.

C. VARIANCE CALCULATIONS

First, we express the solution of the least squares problem in
Eqs. (47-48). For a regular, rectangular grid as defined in Egs.
(44-45), the general solution is:

_3
Axtan e = T NG F DaW £ 1)§["§Z’”"’]’ €n
3
Aytan & = G T hEw T DOL § 1)%[‘1%2""’]’ €2
and

1

h (2L+1)(2W+1)§ %ZM‘ 3
The samples z, , are given in Eq. (46), in which terms dx, dy and
0z are derived from Egs. (36-38). Recalling that the problem is
restricted to small-scale fluctuations, the transmit point P can be
reset to the origin of the coordinate system (/ =m =n =0).
Moreover, in calculating dx and dy, z is replaced by its value at
the reference points (x,, ¥,). The along-track translations due to
yaw () and pitch (f) are then:

Ox = (20— pAx tan 6, + gAy tan 6,) — a,(yo + qAY). (C4)

Similarly, the across-track translations due to roll (¢) plus the
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noise due to the bathymetry processing (&) are:
3y =— (W, + & )z — pAxtan O, +gAytan 6,), (C5)
and the vertical variations due to the same causes are
0z = (U, + &5, )V + gAY). (Co)
Replacing these expressions in Eq. (46) yields:
2z, 4= 2o~ pAxtan 0, + gAytan 6,
— la,(vo + 9Ay)
+ B,(zo — pAxtan 0, + gAytan §,)]tan 6, (C7)
=y + &) {yo +(zy— pAxtang,) tan 6,

1
+ gAy ——— 1.
q ycoszﬂy]

As parameters a,, i, i,, and ¢, ;have zero mean, the slopes and
the depth, that are solutions of Egs. (C1-C3), have expected
values:

E[h] = Zp, E[Cx] = exs E[gy] = ey- (C8)

However, we are interested in the variances over these results.
To this end, it is necessary to derive first the expression of their
particular occurrence. Hence, developing Eqs. (C1-C3) yields:

3

t =1 6. —
an G =tan b = O + Dax

X % p{{ayo — B,(zo— pAxtan 6,)]tan 6,
P

— U,V + (2o — pAx tan 6,)tan 6,1}
(C9)
+ 3
L(L + DL + DRW + DAx

XYXXp {J’o +(zp— pAxtan f,)tan 0,

p q
+gA —1——}5
4 ycoszﬁy P4

tan{, =tan 6, + 2L1+ 12[ (o, — Bptand )tan b, — p,

cos?f,
_ 3
WV + DCW + QL + Dhy

(CLO)
XY 2q [yo + (z, — pAxtan 6,)tan 6,
P q

+qAy & o

=3
cos* 6,

and

=0+ 3y e = B pavandlians,

— #p[Vo + (25— pAxtan 6, )tan 0,]}
(C11)

1
m % % {J’o (zp— pAxtan §,)tan8,

+ gA
4 ycosﬁ}é”

Using the linearity of the variances for independant Gauss-
ian variables, one deduces the variance of the offset as given in
Eq. (C11):

b2 = L {[azygﬂé{ ﬂL—j’—U(Ax)ZtanZGyHtanlﬁx

2L +1
+ﬂ2[(yo + zytan 6, + HEE DAy ans, mn)e]
T & [@oﬂotan 6,)? (C12)
+E(L—;—Q(Ax)ztan2 f,tan’ 6,
ww+1),, ., |1 ”
A .
+ 3 Ay cos* 8,

In looking for relatively small standard deviations, , over the
slope angles, the following approximate relation with deviations
in tangents, 7, is used:

¢ ~%cos? 6, (C13)

and, one deduces from Eqs. (C9-C10):

P 3 cos? 0,
*T LI + DL + D(Ax)?
3L2+3L—1

lfaa b 2L

+i? {(yg + z;tan 6,)* cos® 6,

(Ax) 2tanzex] } sinf,

L2+ 3L —
+3 "+ 1

3 (Ax)*tan? (-)ysinzﬁx} (C14)

+

1 N
W lé{(yo + zytand,)?cos? 6,

2 L —
+3L +53 1

W(W + 1) cos’ 0 ]}
+ Ay s
3 (&) cos* 0, 1)’

{(Ax)*tan’@,sin’6,

and

N 1 X . ~
J% = 5L + 1{(0(2(;0529}) +525m29y)t31'129x00826y 4
1

* W(W + DWW + 1)(Ay)?

X & [S(yo cos §, + zysin 6,)cos? 6,  (C15)

+ L(L + 1)(Ax)*tan® 6, sin?6,cos? 6,
3BW2 +3W —

27Dy

Egs. (C12, C14-C15) are wwritten for reference purpose, and to
allow checking intermediate calculations and further approxi-
mations. Although seemingly busy, these equations can be easily
simplified by comparing the order of magnitude of each term,

+
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deduced from some basic remarks which listed in the
main text. Using these conditions, Eq. (C14) can be approxi-
mated by:

Ax(L + 1/2)?
2
CX =12 cos* 6, 3 LLT D)
X [(&2y3+ p?z2)sin? 6, (C16)
+ (/22 AT EZ> (o + zo tan 6,)*cos? 0,} ,

Eq. (C15) gives:

5=

L 1[(&2c0520y + B?sin’6,)tan®6,cos?d, + ji*

12Ay (W + 1/2)?

+ & C17
Top W+ €17
X (vpcos 8, + zysind,)*cos Gy] ,
whereas Eq. (C12) is reduced to:
o~ l ~2,2 1 P22 2
h T [(a vé + Bizg)tan?6,
(C18)
+ <ﬂ2 WA 52) (o + 7o tan 0y)2} .

D. INVERSE PROBLEM

To find a solution to the inverse problem stated at the beginning
of Section 3.2 one calculates first the variances in slopes asso-
ciated with the patch of seafloor centered at y, = z,, and with

o= pB=j~7. Egs. (55-56) can be rewritten as:

)
72 =12 cos? GxAxfo
i {D1)
s 2g 52 1o (g2 0 2DV
X |2 sin*6, 9%+ (1 + tan 6,)*cos* O, [ ¥ +§p— ,
¥y
g2 zA—x[(l + tan® 6, cos® 6,) *

2
+ 12(1 + sin 26, )cos? OyA—J;—SZ—O EZ} ,

y

D-1. FLAT PATCH

Section D-1.1.
With 6, = 6, = 0, Egs. (D1-D2) yield:

g~ Z°[~2+Ay 7. (D3)
™ [?2 SPL L 52} . D4)
’x P

There is no explicit analytical solution (p,, p,) for this sys-
tem. However, the implicit form as written in the following

provides a numerical solution:

52
pxzz[l +£N—HI +

Y

124y 228

E 1/2 ) y ~1/8
Py = [12AxAyz§]”4[-Z-} [1 +L—XL§2

(D6)

ij}Z
X |1 +———Z———]
[ 12Ay 22
The latter equation contains the only unknown p,. It is a fast
converging iterative formula. Equating the right sides of Eqs.
(D3-D4) and recalling that we are only interested in a solution

that verifies p, < z, (Eq. 49), one sees that the second term in Eq.
(D4) is at least 11 times larger than the first one, i.e.:

__/JL
12Ay z3 {,‘2

Incidentally, looking back at the direct problem, Eq. (D7) shows
that only the noise term (&) is perminent in finding the across-
track slope, hence it is generally possible to proceed with the
reduction from Eq. (56) to Eq. (58).

It follows from Eq. (D7) that the right brackets in Egs. (D5~
D6) can be neglected, yielding Egs. (59-60) in the text. Then,
from Eq. (60), one calculates the slope of the right side of this
iterative formula, seen as a function of p);:

D7)

lp, 7 oy 7 1
~= 1+L£2 <=, D8

i~ b LBl < ®9
As this slope is small compared to unity, the convergence of the
process is fast, and a single step is usually sufficient to obtain a
correct figure.

Section D-1.2.

Two approximate solutions can be derived from Egs. (59-60).
The situation which is the more likely to be encountered in
actual design, is presented in the text (Egs. 61-62). The other
case occurs if the condition written by reversing the order of
magnitude in Eq. (62) is true, i.e.:

Py
Ay 62

It implies for instance that the noise in the elevation measure-
ments () is not larger than the attitude angular variations (Eq.
(49) being verified). With Eq. (D9), Egs. (59-60) yield:

> 1, (D9%)

~2 1/3
o= [IZszocz] (D10)
and
2
[Ayp,% i} {(Ax)Z(Ay)SZO fg r. (D11)

This value for p, can be used as an alternative seed in the
iterative solution (Eq. 60) that applies in the more general case.
SEcTION D-II. MODEL WITH UNIFORM SLOPE DISTRIBUTION

Integrating Egs. (D1-D2) over 6, and 0, in the interval
[-45°, 45°] yields, respectively:
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2
Zﬁzlzéxég[l.lﬁz—l—o.%&&z} (D12)
Px pJ’
2
szé—)f[l.l4?2+9.8%z_‘2], (D13)
X y

which is very similar to the previous system (Eqs. D3-D4),
yielding finally the system of Egs. (63-64) in the text. If Eq. (62)
is verified, the following approximate solution applies:

px~p, = 1.8[Ax Ay z]"* ET” (D14)

which is very close to Eq. (61).
If the orders of magnitude in Eq. (62) are reversed, the
approximate solution takes the form:

2)72 1/3
Dy = l'o{le“"?} (D15)

and
s EZ 13
p~09 8525

(D16)

56 1/9
~1.6 [(M)Z(Ay)%‘ ?2{34} ;

which is also very close to Egs. (D10-D11).
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