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Abstract. The main topics which are considered in media research are media effi
ciency and return on investments. To appreciate the powerful level of several channels of 
communication, one has to firstly consider the basic measure of the impact for a given 
advertising campaign, that is to say, the individual distribution of exposure and therefore 
the estimation of the global exposure of a given target. Having pointed out the known 
models, we will show how one can release part of hypotheses, under which these models are 
founded to describe new behaviors of media exposure. This will be particularly the case 
by introducing the Markov chains to describe, for the first time, an unsteady dependency 
between several issues or TV spots regarding a given advertising campaign. Moreover, the 
correspondence between the life of each individual and the cycle of life for a given medium 
will be modeled by introducing the individual probabilities distribution as the solution of 
an adapted Volterra integral equation of the second kind. Accordingly, we will show that 
the new models estimate more precisely the net cover of a given campaign composed by 
N advertising spots. 

Key Words. Markov chains, Volterra integral equation, mathematical model, media, 
individual frequency exposure, cover. 
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1. Introduction. Media research must bring to the professionals 
working either in media agencies or in marketing department for a given 

-~--·······----- ··-··---·-······--···company-,--the-relevanttools-to-estimate-the--retur-n-on.in:v.estments .. due..to.the .... _ ________ _ 
advertising. 

To achieve this goal one of the main questions consists on t he calculation of 
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the exposure frequency distribution which determines for a set of N adver
tising issues which belong to a group of magazines for example, (either N 
spots in television or in radio, etc.), and also the average probability that a 
given population is exposed k times, (k = 1, N). 

To this end, numerous models based on a corpus of hypotheses were de
veloped. These hypotheses entirely determine the capacity to model, and 
therefore, to apprehend a limited class of individual media behaviors. 

As a consequence, famous indicators are estimated. The net cover of a given 
advertising campaign composed by N issues (the percent of the individuals 
in a given target of a population which is exposed at least once) and the rep
etition which qualifies the average number of times that a given individual 
is exposed during the advertising campaign are the most useful and famous 
ones. 

Having pointed out the known models, we will show how one can release 
part of hypotheses, under which these models are founded, to describe new 
behaviors of media exposure. 

Accordingly, we will show that the new models more precisely estimate the 
net cover of a given campaign composed by N issues. 

To this end, we will consider the cover RN which corresponds to the percent 
of people which are exposed at least once during the advertising campaign 
and particularly the asymptotic cover Roo as the maximum threshold of the 
cover when the number of commercials N goes to infinity. 

To simplify our purpose, in this paper, we will consider advertising cam
paigns only composed by a media support, let say, for example, television. 

Therefore, a campaign is made by N TV spots Sn, (n = 1, N) and we will 
describe an advertising campaign as follows: 

2. A first generation of models: The aggregation models. 
We consider a given target in the population composed by I homogeneous 
classes of people. It means that each class is characterized by a set of specific 
features. 

We introduce the two quantities ef.N and EN as follows. 

DEFINITION 1. Let a given individual being in the class i, (i = 1, I). We 
denote by ei;N the probability such that the individual is exactly exposed n 
times on N given TV spots. 
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DEFINITION 2. We define the quantities EN as the average probability that 
the total population of a target is exactly exposed n times on the same N TV 
spots. 

Therefore, the aggregative models consist to determine E'N in relation 
with ef N, along the following formula: 

I 

I I 

(1) EN = 2: 1rie~N where 2: 1ri = 1. 
i= l i=l 

One can observe that in (1), the weights 1ri describe the percent of people of 
the target which corresponds to particular features represented by the class 
of individuals i . 

2.1. The Full binomial law. We begin our process to model the 
average probability EN by the individual exposure distribution e~N when 
considering the following hypothesis: 

1. The individual exposure probability p~n) to the different TV spots is 
stationary: 

(2) 1.1 1 N (n)-vn = , :Pi =Pi· 

In other words, the TV campaign has the next structure: 

2. The individual exposure to a given spot Sn is independent to any 
previous exposure to another spot S k. { k ::::; n). 

Then, the individual frequency exposure distribution ef N follows the bino-
mial law [9]: ' 

-,.---···-···-·-·--·-·· - ---·------··----·····------------····--··--·---···-····----··-········-·-·---··-···-···-·----·--···--~-------··-·-·--····-N·------···--··-- --····-·---···----····------·--·· --·- --·--·---··---·-·--·---· 

(3) e~N = Cfvpf (1 - Pi) -n, 

where CjV denotes the binomial coefficient: 

(4) 
N! 

CN = (N- )' ,. n .n. 
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As an immediate consequence, the corresponding aggregative model called 
the full binomial law can be written as: 

I I 

(5) Efv = L 11"ief.N = L 11"i [c]Vp£ (1- Pit-n] . 
i=l i:::l 

As we explained in the introduction, we will proceed to the determination of 
the cover RN and therefore to Roo, when N goes to infinity, as an indicator 
of comparison between the different models we will exhibit. 

LEMMA 1. The asymptotic cover Roo of the full binomial law is given by: 

Roo = 1 - I; 11"i• 
p;==O (6) 

Proof. Because the definition of RN, we can write: 

I 

(7) RN = 1- E]; = 1-I: 7ri(l- Pi)N. 
i=l 

· In expression (7) we separate the individuals which have a none zero proba
bility of exposure to those called the zero segment or the absolute non viewers 
which correspond to the condition Pi = 0: 

(8) RN = 1- I: 11"i - 2: 7ri(1- Pi)N. 
p;=O p;y!O 

Then, from equation (8), we easily obtain the asymptotic cover Roo given by 
(6). 

In other terms, the maximum threshold Roo of the cover RN is reached when 
we withdraw to the whole target the individuals which belong to the zero 
segment. 0 

2.2. The Beta binomial law. Another way to use the individual 
binomial law (3) is to distribute the individual exposure probabilities Pi no 
longer in a discrete way but depending on a continuous distribution f(p). 

This extension leads to the stratified models, here based on the individual 
binomial law, (see for example [2]). 

Indeed, the expression of the quantities E]V is then given by: 

(9) 

Then, the cover of any stratified models based on binomial law (3) has the 
following asymptotic cover Roo: 
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LEMMA 2. Let the target exposure be modeled by a stratified model (9), then 
one must deal with the following asymptotic cover Roo: 

(10) Roo = 1. 

Proof. Let us write the cover RN as the complement of the class E'j.,: 

(11) RN = 1-fo\1-p)N f(p)dp. 

A simple inspection of (11) leads to the result, for any "sufficiently regular" 
distribution f which allows to use dominated convergence theorem due to 
Lebesgue [1]. 0 

REMARK. In other words, the theoretical maximum threshold depend
ing on a stratified model (9) is the entire concerned target. 

This is a quite negative result because, as we saw in the full binomial law, 
there exists a subgroup of individuals called the non absolute viewers char
acterized by an individual probability of exposure Pi which is equal to zero. 

Here, in the stratified models, this group exists but corresponds to a zero 
measure set. As a consequence, we got this ideal result that one can theo
retically reach, that is to say, the whole target of the population. 

However, interesting properties of the cover (11) has to be mentioned. Here, 
we will mainly give the following inequalities of control: 

LEMMA 3. The cover RN determined from the classes of contact E'N given 
by (9) satisfies the following inequalities: 

(12) RN-1 :::; RN ~ 1 - (1 - RI)N . 

Proof. Firstly we have the next property: 

(13) 'r/N EN, 'r/p E [0, 1]: (1- p)N:::; (1- p)N- 1 . 

Using this inequality with the cover (11), we get the left inequality of (12): 

(14) 

--- c~:n~;ci~g the se~ond part ofi;~quality ___ (12);-;;e usetile foilowing-Hoid.er's-~------

inequality [1]. 

For any functions u and v which belong to La(o, 1) and I.J(O, 1), where 

1 1 
(15) - +- = 1 

a f3 ' 
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then: 

Therefore, we apply inequality (16) by choosing: 

(17) 
N 

u(p) = (1- p), v(p) = 1, a= N and /3 = N _ 
1

. 

This leads to the following inequality: 

(18) 

And finally, we get: 

(19) 

The proof is complete. 

REMARK. If one applies inequalities (12) with N = 2, we get: 

(20) 

0 

That wants to say that the cover of the stratified models always is inferior 
than the framework of a model which corresponds to an independent accu
mulation of audience which corresponds to the right hand of (20). 

To conclude our purpose concerning the stratified model, let us mention that 
the most famous in this family is given by the beta binomial law, if one 
chooses the density of probabilities f(p) as: 

(21) f( ) = r(a +b) ~:~-1(1- )b-1 
P r(a)r(b) P P ' 

where a and b are two real given parameters. 

Two main reasons motivate professionals to consider density (21). 

The first one is due to the presence of the two parameters a and b which 
are responsible of a very large class of densities, describing numerous shapes 
of distributions which can be considered by (21) to sufficiently apprehend 
various cases of exposure. 

Another interesting and practical point treats on the determination of the 
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two parameters a and b of the beta binomial law. 

Indeed, one can show the two following relations: 

(22) a = R1(R2- R1) 
2

, b = a 1- R1. 
2R1 - R2 - R1 R1 

As a consequence, the professionals has to measure the cover corresponding 
to one and two TV spots to get the estimation of the parameters a and b 
defined by (22) . 

2.3. The full steady Markov binomial law. In this section we 
are interesting to release part of the hypothesis which led to the previous 
models. 

Especially, we will take into account a first level of conditional exposure 
between two consecutive TV spots Bn- 1 and Sn, (see [6} and [7] for application 
in press advertising). 

For this purpose, we firstly use the steady and homogeneous Markov chains, 
(see for example [12]) , introduced by Andrei Andreevich Markov (1856-1922) 
as follows. 

Let us denote ~(n) the individual probability vector of exposure defined by: 

(23) p_Cn) = ( Prob{ Xi(n) = 1} ) = ( p~n) ) . 
t Prob{ Xi(n) = 0} q~n) 

Then, the conditional behavior between Bn-1 and Sn is modeled by: 

(24) V n = 1, N : ~(n) = T · p.Cn-1) 
t t l 

where the transition matrix T. does not depend on n because our hypothesis 
of homogeneous process. 

On the other hand, in this section we only consider steady state Markov 
chains, so: 

(25) 

--~---- ~--~ -Wifli-' 7',~-(-::}- --· ~ -~-~~ ----~-~- -- · -~---~---~ ~~ -- ~ 

We denote by ai and bi the two conditional individual probabilities as: 

{26) ~ - Prob{Xfn> = 0 Xi(n-l) = 1}, 

(27) b, := Prob{xt> = 1 xJn-1
) = 0}. 
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As an immediate consequence of the definition the conditional probabilities, 
one must deal with: 

(28) 

(29) 

T .(ll) + T-(21) 1 
t ~ , 

1't.(12) + 1't.(22) = 1. 

Then, the transition matrix of individual conditional probabilities T i can 
be written along the following structure: 

(30) 

Relation (25) implies the following relations between ai, bi Pi and qi: 

(31) 

Because of the dependency between two consecutive spots Sn-1 and Sn we 
choose to model by Markov chains (25), the individual distribution of ex
posure frequencies cannot be disentangled, except for the term E?., which 
permits to obtain the cover of the complement. 

It's the reason why we only put forward the probability of a sequence of 
exposure/non exposure toN TV spots. 

Before, let us introduce Bernoulli's random variable as follows: 

DEFINITION 3. Bernoulli's random variable Xi(j) which qualifies the individ
ual exposure is equal to 1 if the individual i is exposed to the spot Sj and 0 if 
not. 

Therefore, we have the following result. 

THEOREM 1. Regarding to the individual behavior of exposition modeled by 
steady Markov process (25}, the probability of a sequence of exposure/non 
exposure toN TV spots is given by: 

Let Xn, (n = 1, N) be an integer, such that Xn E {0, 1}. Then: 



where: 

(33) 
(34) 
(35) 
(36) 

and 

(37) 
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a = S-R-xN, 
{3 = S- R-x1, 

'Y = R, 
a = R- 2S +XI + XN + N- 1 

N N 

s = LXn and R = L Xn-IXn· 
n=l n=2 

Proof. One has: 

(38) Prob{Xjl) =XI, ... 1 X}N) = XN} = 

Prob{X}N) = XN/Xt- 1
> = XN-l}.Prob{X}1

) = X1, .. ,xt-1
) = XN-1}· 

Then: 

N 

Prob{XP) = X1 } IT Prob{X}n) = Xn/X}n-l) = Xn- 1} 

n=2 

Because the hypothesis of homogeneity of Markov processes on the one 
hand, and the particular structure of the transition matrix 7i, on the other 
hand, we can transform the conditional probabilities appearing in the ex
pression (39) and write: 

Prob{X}n) = Xn/Xi(n- 1) = Xn-1} = 

( 40) (1 _ <liY&n-l:t:n b~l-xn-l)x,. a:n-1 (1-x,.) (1 _ bi)(l-:t:n-ll(l-x,.) . 

·----~--Th~;,-~~piacing ( 40) into(39)-;.~d·~a~~-~~e.efementary calcufations;-one--··~-· 

get the desired result. 0 

We are now in position to give the evaluation of the asymptotic cover 
Roo of the full steady Markov binomial law. 
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LEMMA 4. The asymptotic cover Roo of the full steady Markov binomial is 
given by: 

(41) 

Proof. Although the expression (32) is quite inconvenient in practice, the 
probability of exposure to all or to none of the N TV spots may be calculate: 

(42) Prob{Xi(l) = 1, ... , XjN) = 1} = Pi(l- ai)N-I, 

(43) Prob{Xi(l) = 0, ... 'xjN) = 0} = qi(1- bi)N-1. 

Particularly, formula (43) permits us to calculate the corresponding cover 
RN for N TV spots. 

Indeed, we have: 

I 

(44) RN = 1- L1riProb{xp> = o, ... ,xt) = o}, 
i=l 

I 

(45} - 1 - L 1riqi( 1 - bi)N-t, 
i=l 

(46) ?r·q·( 1 - b·)N-1 t. f t ) 

b;= O,q;= l 

As a consequence, one obtains the asymptotic cover Roo given by (41) when 
N goes to infinity. D 

REMARK. Another characterization can be done concerning people which 
have the features bi = 0 and qi f= 1. 

From relations (31), we observe that individuals which satisfy the two above 
conditions correspond to those where ai = 0. 

In other words, there are a subgroup of people such that ai and bi are equal 
to 0. 

Those individuals are called the ultra loyal people. Regarding the definitions 
of ai and bi, they correspond to those such that one can be "sure" that if 
they were exposed to the spot Sn-l they will be exposed to the spot Sn, and 
if they were not exposed to the spot Sn- 1 they will not be exposed to the 
spot Sn too. 
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It's the reason why we keep in mind that the asymptotic cover Roo of the 
full steady Markov binomial is equal to: 

Roo = 1 - L 11'i - L 11'iqi. 
b,=O,q;=1 a;:ob;=O,q;;Cl (47) 

3. A new generation of models. 

3.1. Unsteady and conditional individual probability of expo
sure: The full unsteady Markov binomial law. We now proceed to 
t he extension of t he full steady Markov binomial exhibited in the previous 
section by the unsteady one which was introduced for the first time by the 
author in 1995, [5) . 

More precisely, we do authorize for each individual to change his behavior in 
terms of exposure from a given spot to another one. 

That is to say that the situation we would like to describe is the following 
one: 

Another time, we choose to model the correlation between two consecutive 

spots by the help of the homogeneous Markov process (24). 

Therefore, one can write: 

(48) \:I n= 1 N · p.(n) = T- P~1) ( )
n-1 

' • t 1 ~ , 

which is equal to the developed formulation: 

(49) 

(50) 

( 

[1- ai- bit-
1 p~1) + ( 1- [1 - ai- bi]n- l) a · ~ b· ) 

---- ______________ ____ _____________________________ t_ ___ _! ____ ·-···---·-··-··-- --

[1 b Jn-1 (1) ( 1 [1 b Jn-1) ai 
- ~ - i qi + - - 0-i - i ai + bi 

Depending on the sign of the two conditional probabilities~ and bi, relations 
(50) describe three kinds of individual behaviors of exposure [5] . 
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THEOREM 2. Let p~n) be the sequence of individual probabilities of exposure 
defined by {50). Then, one must deal with the following media behaviors: 

1. In any case of parameters ai and bi the sequence of probabilities p~n) 
has a limit p~oo) corresponding to: 

(51) 

2. If 0 < ai + bi < 1 and P?) > a;~b,, then the sequence of probabilities 

p~n) is decreasing until the limit threshold p~=) defined by {51}. 

3. If 0 < ai + bi < 1 and p~1) < a;~b,, then the sequence of probabilities 

p~n) is increasing until p~=) defined by {51). 

4- If 1 < ai + bi < 2, then the sequence of probabilities p~n) is swinging 
around p~oo) defined by {51}. 

Proof. 1. To exhibit the threshold p~oo) of the sequence of individual prob
abilities of exposure p~n), one has to keep in mind that ai and bi are two 
conditional probabilities, so, two real numbers which belong to the interval 
[0, 1]. 

Then, we have: 

As a consequence, we get the asymptotic behavior p~oo) of the sequence p~n) 
given by (51) when we let N going to infinity informula (50). This completes 
the proof of 1. 

2. To get the following three properties of the theorem, we modified the 
structure of formula (50) which gives the individual probability of exposure 
p~n) in a suitable form: 

(53) 

Therefore, conditions 0 < ai + bi < 1 and pp) > a,~b, lead to the decreasing 

property of the sequence p~n). 

3. Again, based on formula (53), the same treatment coupled to comple
mentary conditions 0 < ai + bi < 1 and pp> < a,~:b; lead to the increasing 
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property of the sequence p~n). 

4. When one must take into account the condition 1 < ai + bi < 2, the 
oscillatory property of the individual probabilities of exposure is due to the 
negative sign of t he quantity 1- ai- bi. 

Consequently, the sequence p~n) swings around and converges to the limit 
p~oo) given by (51). 

This completes the proof of the theorem 0 

REMARK. 

• The exposure which corresponds to conditions 3 are called "learning 
behavior" because it describes individuals which are in a learning 
process regarding a media support. 

• In the contrary, the case 2 models a process called "tiring behavior" 
which corresponds to a "too much exposure" to a media support; 
these individuals are in a saturation period. 

• The last case describes by condition 4 is a, swinging behavior" where 
the individual is neither convinced and sufficiently attracted by the 
media support nor saturated by its. 

As a consequence, the level of his exposure probabilities corresponds 
to an alternate dependency in relation with the media support. 

• In any cases, all of these three above behaviors cannot be applied to 
describe media exposure in a long term period, but only for a short 
period. 

Therefore, long term description will consist to juxtapose the above 
elementary short t erm model described by the full unsteady Markov 
binomial law. 

Moreover, one other main difference which results from the unsteady sequence 
{pf)n=l,N is that we cannot consider anymore relation (31) which was a con
sequence of the steady Markov process. 

To obtain one more time the cover RN for N TV spots, and therefore the 
asymptotic one, we remark due to the homogeneous hypothesis, we exactly 
conserve the same structure of formula {32) concerning the calculation of 

· tliEq5robao1lity"-for-a-sequenccforexposure/Iion-exposme·to-N-suc-cessive-TV- ~· 

spots. 

More precisely, we have to write: 

(54) Prob{X?) = X1, ... ,X}N) = XN } = P?)afi((l - bi)'1(1- ~)6, 

where a , /3, 'Y and o are defined by (33)-(36). 
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REMARK. Formula (54) slightly differs from (32). Indeed, we took into ac
count that the sequence of individual probabilities of exposure is not anymore 
constant and begins from a start potential level of individual exposure which 
is equal to p~1). 

From the same reasons, formulas (42) and (43) describing the exposure to 
all or to non of the N TV spots are modified as follows: 

(55) Frob{ xp> = 0, ... 'x;N) = 0} = qi1) (1 - bi)N-l' 

(56) Prob{x?> = 1, ... ,xjN> = 1} = p~ 1)(1- ai)N-1. 

Therefore, we are in position to estimate the asymptotic cover Roo produced 
by a campaign composed by N TV spots. 

THEOREM 3. The asymptotic cover Roo of the full unsteady Markov binomial 
law is given by: 

(57) 
Reo = 1- E 11'i 

k=O, q~ 1)=1 
E 11'iqi1> 

b(i)=O, qp)?H 

Proof. The demonstration looks likes to that which we proved for the full 
steady Markov binomial law when one remark that 

I 

(58) RN = 1 - L11'iProb{X}1>=o, .. . ,xjN)=O}, 
i = l 

I 

(59) = 1 - L 1Tiqj1) ( 1 - bi)N-l, 
i=l 

(60) 1 

where we split again RN into the different groups of individuals to highlight 
those which play a characteristic role in the estimation of the asymptotic 
cover Reo. 

When we let N to go to infinity, the last group of individuals in (60) vanishes 
and we get formula (57) to complete the proof. D 

REMARK. One must pay attention to observe that we can qualify in a dif
ferent way the last group of individuals in (57) to distinguish the difference 
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to that which we got in the formulation of the full steady Markov binomial 
model (47). 

Because we lost condition (31), the characterization of people who satisfy 
b(i} = 0, q}1

> f: 1 only implies that 0 ~ 0-i ~ 1. 

So, the asymptotic cover is finally given by: 

(61) 
Roo = 1 - 2: 1ri 2: 1riq~l) 

b;=O, q~1>=1 b;=O, OS a; S 1 

3.2. Unsteady probability of exposure: Individual life and cycle 
of the media support modeled by a Volterra integral equation. 
In this section, we would like to show how one can avoid the hypothesis 
of st ationarity which models the individual exposure by binomial law (3) 
regarding a different process we proposed in the previous section. 

Particularly, we would to build a new model based on unsteady sequence of 
individual probabilities of exposure including the following ideas (these ideas 
were presented for the first time by the author in 1993, [3] and [4]): 

1. Each individual in a given target has his proper life which has to be 
counted from his date of birth. As a consequence, we introduce the 
proper time Ti for each person which measures each event regarding 
his date of birth -ri(o). 

2. On the other hand, we define t he universal time t as the historical 
time. Therefore, each person which belongs to a given target will 
have a specific behavior regarding the audience of a particular media 
support evaluated at the time t. 

Then, the relation between the proper time Ti and the absolute time t is 
given by the following definition. 

D EFINITION 4. Let fi be the function such that the individual probability of 
exposure p~n) at the absolute time t<n> is the trace of the function fi at this 
point: p~n) = fi(t <n>). 

·························-······ ·························· ···· ··ret.ols-a····intioduce··--th·e·Junctian·g;_····:which··m;easures··the·same···pro"l5aMtit'!rP}nl .................... · 
but on the proper scale of time Ti for a given person. 

Then, we have: 

(62) (n) 
Pi 
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These two definitions of time have the advantage to take into account for 
a given medium that each person would be able to have several behaviors 
regarding this medium, depending on his age and the consecutive changes 
which interferes in his proper life. 

It means that an individual would be able to enter and to leave several times 
the audience of a given media support. 

Finally, let us introduce the function cp, called the population pyramid, which 
describes the proportion of people belonging to the target and which are born 
at the same time ri(o) . 

Then, the audience A(n) of a given medium corresponding to the time tCn) is 
given by: 

I 

(63) A(n) = L cp(ri(O))gi(t(n)- Ti(O)}. 

i=l 

A natural way to generalize this discrete convolution on all the individuals 
of the target is to extend formula (63) by a stratified process. 

We consider for a first level of approximation that people which belong to 
the same target have the same curve of behavior regarding a given medium. 

In other words, the individual probability of exposure depends on the interval 
of time between each commercial and the date of birth for a given person. 

This hypothesis implies to implement a segmentation on the target to pro
duce several homogeneous groups, and therefore, to apply the following model 
on each group. 

Then, A(n) will not represent anymore the audience of the whole target, 
but of one of the homogeneous classes produced by the segmentation. As a 
consequence, we set: 

(64) 

Then, the stratified form is: 

(65) 
1 f t(n) 

A(n) = Tmax Jr,..;ro. cp(r)g(t<n)- r)dr, 

where we consider the class of minimum ages defined by r min that one has 
to take into account for a given target and Tmax denotes the scale of time 
corresponding to the life of the given media support. 

In the same way, we denote by T min an initial given time from which one has 
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to consider the beginning of life for a given media support. 

Moreover, we observe that we built the integration with r which belongs to 
the interval [rmin , t<nl]. The reason is that we cannot consider any person who 
will born after the time t(n) of the audience A(n) we would like to estimate! 

Therefore, we are in position to generalize formula (65) in the continuous 
form: 

THEOREM 4. Let !.p be the population pyramid and A the audience of a given 
media support, two differentiable functions. Then, the individual probabilities 
of exposure g is solution of the following Volterra integral equation of the 
second kind: 

Let Xmin and Xmax defined by: 

(66) Xmin = Tmin- 1'min and Xmax = Tmax- 'Tmin• 

where: 

(68) 
~.p'(x- e + 1"min) 

K1(x,e) = ~.p(rmin) 
if o ~ e =:; x, 

0, if~> x, 

and: 

(69) 

Proof. From (65) it is reasonable to set: 

{70) A(t) = T~ 1: .... ~.p(r)g(t- r)dr, 'it E [Tmin 1 T max]· 

To recognize a classical form of equation (70), we set: 
... ~-~----.. ·········· · ·· ·····-··· ······· · ······-~·············-·--- . ~----------·----------··· ··-------------------··-·-·····------------~-------------------------------------------·-····---·--------- --------------·····--·············· -----------------------· ·· ··············· 

(71) ~ = t -r. 

Then, equation (70) becomes: 
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A final change consists to set: 

(73) X= t-'Tmin· 

Equation (72) becomes: 

(74) 1t1i rp(x- ~ + 'Tmin)g(~)d~ = TmaxA(x + 'Tmin), Vx E {xmim Xmaa:L 

with the corresponding definition (66) of Xmin and Xmati;· 

Equation (74) is a Volterra integral equation of the first kind [13] where 
the distribution of probabilities exposure g is the solution, the right hand 
h2(x) = TmaxA(x + 'Tmin) is the modified audience of a given media support 
and the kernel K2(., .) is defined from the population pyramid rp as follows: 

(75) 
if o s e s x, 

if~> x. 

From an operational point of view, when the population pyramid rp is known 
and the audience A too, (either by extrapolation or by measures) , one has to 
solve Volterra integral equation (74) to find out the probabilities distribution 
of exposure g. 

As a classical treatment of Volterra integral equation of the first kind [13], 
we transform equation (74) into a Volterra integral equation of the second 
kind. 

Indeed, depending on sufficient hypothesis of regularity of the kernel K2 and 
of the right hand h2 of (74), on can differentiate both sides of (74) with re
spect to x to obtain: 

(76) g(x) + lx rp'(x- ~ + 'Tmin) g(e)~ = h~(x) , 
0 rp('Tmin) rp('Tmin) 

where we supposed that the "diagonal" K 2 (x,x) = rp('Tmin) of the kernel 
K2 (., .) vanishes nowhere on the interval of integration. 

This is a reasonable hypothesis because rp(Tmin) corresponds to the percent 
of the youngest people in a given target which must be, by definition, a non 
zero value. 

As a consequence, rp('Tmin) #- 0 and this completes the proof of the the-
mem. D 
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REMARK. Another important point must be mentioned here. It treats 
on existence and uniqueness of the solution of equation (67). 

As a standard result (see [13]), equation (67) has one and only solution in 
L2 since its kernel K1 and its second member h1 also belong to L2 • 

Operationally, it means that one has to take into account to define appropri
ate and consistent approximations of the "given" functions <p(., .) and A(.) 
to use this theoretical result and therefore to get the solution g of (67). 

We are now in position to give the corresponding individual exposure dis
tribution of probabilities e~N and therefore the resulting cover of the model 
called "the full hypernomial" [3] obtained by aggregation. 

LEMMA 5. Let (p~n))n=l,N denotes the sequence of individual probabilities of 
exposure relatively toN TV spots (St, .. . , SN)· Then, the probability e~N 
which estimates for an individual to be exactly exposed n times is given by: 

(77) ei,N = 2:: p}k1) . .. p~kn} ( 1 _ p~kn+l)) ... ( 1 _ p~kN)) 
1 

l<kt<···<k..<N 

where p~n), (n = 1, N), are estimated as the trace of Volterra integral solution 
of equation (67} and by (64}. 

Proof. The ideas of the proof of (77) look like to those used to build the 
classical binomial law (3). 0 

As a consequence, for a given target we get the following estimation of 
the asymptotic cover: 

THEOREM 5. Let (ei,N)n=l,N be the individual frequency of exposure given by 
{77), then the resulting asymptotic cover Roo obtained by aggregation on a 
specified target is given by: 

(78) Roo= 1 

Proof As usual, we begin with the formula of the cover RN for a set of N 
-:·················· ··········· ···························· ······ eommereials··and··then-we·will-let·N ···t0-g0-t0--infinity ...... ..... ·····················-······ ·· ············································ ··· 

We build the cover for N commercials by generalizing that which we got for 
the full binomial law: 

(79) 
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Then, we split (79) to highlight the subgroup of individuals which will play 
a role in the estimation of the asymptotic cover: 

Let us mention that ni which corresponds to the number of non zero in
dividual probabilities of exposure p~k;) depend on the total number N of 
commercials. 

On the other hand, we have the following inequality of control: 

(81) 0 < ( 1 (k1 )) ( 1 (kn;)) < ( 1 )n; - - Pi · · · - Pi - -Pi , 

where Pi is defined as the minimum value of the finite sequence 

( 
(kl) (kr,)) 

Pi , ··· , Pi · 

Finally, when N goes to infinity, n i also goes to infinity and the right hand 
of (81) tends to zero. 

As a consequence, the asymptotic cover Roo is given by (78) and the proof is 
complete. 0 

REMARK. One can observe that the asymptotic cover (78) is similar to 
that of the full binomial model (6) . 

Indeed, the same segment of non absolute viewers appears to be withdrawn 
to the whole target even when each person is free to be exposed along a 
variable behavior regarding a set of N issues for a given media support. 

4. Conclusions. In this paper, we presented several mathemati-
cal models describing individual media exposure regarding advertising cam
paigns. 

We showed that when one does not consider anymore the classical binomial 
law (3), either by considering dependency between the different exposures on 
a given set of TV spots with steady Markov process (32) , or by including a 
free individual behavior to consume a given medium by the unsteady Markov 
chains (54), the cover which results is significantly modified. 

As a consequence, new subgroups of the population must be taken into ac
count and one can appreciate the different level of estimation of the different 
models we talked. 
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Indeed, as a summary, we got the following asymptotic cover: 

The Beta binomial: 

The Full binomial: 

The Full hypernomial: 

The Full steady Markov binomial: 

Reo= 1, 

p;=O 

Roo = 1 - L 1Ti, 

fv'n=l,N:p!") =OJ 

Roo= 1 - I: 1Ti - I: 1ri qi, 

b;=O, q;=l a;=b;=O 

The Full unsteady Markov binomial: Roo= 1- L 1Ti- L 

So, at our stage of investigations, between the above models, if one wants to 
finely describe the cover of a given advertising campaign, the recommenda
tion is to implement the full unsteady Markov binomial model (54). 

Regarding the technical problems and the associated cost to particularly es
timate the two conditional probabilities (26)-(27), actually, the operational 
choice still is dedicated to the full binomial (1) and the beta binomial models 
(9) with (21). 

We also describe an alternative approach to let free the individual behavior 
of exposure. Our goal was to avoid the too much strict position of the bino
mial hypothesis. 

Indeed, we show that a variable process of media exposure based, on the 
one hand, on the individual life cycle, and on the other hand, on the scale of 
characteristic time of a media support, lead to the description of an unsteady 
individual behavior of exposure (77). 

The resulting model we got (67), requires three complementary numerical 
investigations. 

• The first one treats on the numerical approximation of the audience 
of a given media support and of the population pyramid. These 
two functions will have to be estimated from data produced by the 

...... _ ....................... ....................................... ........................... .ins.titutes .... of..sur.v:ey .......................................................................................................................................................................... _ ................. . 

A particular attention will have to be done concerning the regularity 
of these two approximations, if one wants to be allowed to take into 
account the theoretical result of existence and uniqueness of the 
solution, produced by the Volterra integral equation of the second 
kind (67). 
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• The second numerical aspect, properly speaking, concerns the solu
tion of the Volterra integral equation of the second kind ( 67). Several 
classical and exotic methods are available in [8], [10] and [11}. 

• Finally, the last numerical activity will consist on the numerical 
treatment of the full hypernomial given by (77). Indeed, in this 
paper we did not focused our attention to any complete description 
of the frequency distribution of exposure. 

It is particularly the case for the full hypernomiallaw (77), where the 
exponential number of elementary operations depending on the total 
number N of commercials has to be carefully treated with adapted 
numerical methods. 

Future developments would have to be focused for taking into account the 
variety of behaviors which had not been modeled in this work, but approxi
mated and modeled by the function gas we mentioned before (64). 

This would be the case either by considering a specific behavior gi for each in
dividual which belongs to a given target, or by implementing a segmentation 
process to apprehend several homogeneous and complementary subgroups 
which constituted the target. 
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