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1. Introduction

Recently [1,2], we proposed new perspectives on relative finite elements accuracy based on a mixed
geometrical-probabilistic interpretation of the error estimate derived from Bramble-Hilbert lemma.

This led us to derive two laws of probability that estimate the relative accuracy, considered as a
random variable, between two finite elements Py, and Py, (k; < k2).

By doing so, we obtained new insights which showed, among others, which of Py, or Py, is the
most likely accurate, depending on the value of the mesh size & which is no more considered as going
to zero, as in the usual point of view.

These results have been obtained by considering a second-order elliptic variational problem set
in the Sobolev space H' (Q2). However, many partial differential equations are well posed in a more
general class of Sobolev spaces, namely, W™ (Q), (m, p) € N*2,

Possible applications for studying case p # 2 can be the Laplace equation set in an open-bounded
domain Q2 C R" with a given right-hand side f € LP(2), (p # 2). Indeed, in that case, the solution
to the associated variational formulation, u, belongs to WL (Q) for p # 2 if the domain €2 is regular
enough: this problem is indeed discussed in [3] (note in the Chapter on Sobolev spaces, where a
reference to [4] is quoted). Other examples may be found for instance in [5-7], or in [8] for nonlinear
problems.

Here, we consider a functional framework defined by the help of W™ Sobolev spaces, particularly
when p # 2, and extend our previous work [2] limited to the case of the H! Hilbert space.

CONTACT Joél Chaskalovic @ jch1826@gmail.com
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2 J. CHASKALOVIC AND F. ASSOUS

The paper is organized as follows. We recall in Section 2 the mathematical problem we consider as
well as the basic definitions of functional tools we will need along the paper. In Section 3, we introduce
Py(K), the space of polynomial functions defined on a given n-simplex K, of degree less than or equal
to k. We then obtain several estimates to upper-bound the basis functions of Px(K) and their partial
derivatives. We provide in Section 4 results that make explicit the dependence of the constant involved
in the a priori W™P —error estimates with respect to degree k of the concerned Py Lagrange finite
element. Section 5 presents applications to the analysis of the relative finite elements accuracy in
WP In particular, extending to W™? spaces the two generalized probabilistic laws introduced in
[1], we prove, relying on distributions theory, and under some ad hoc assumptions that are fulfilled
in many cases, that an asymptotic relation exist between these two laws. Concluding remarks follow.

2. The abstract problem

In this section, we introduce the abstract framework we will use to derive error estimates in the W"?
Sobolev spaces, particularly in the non-standard cases p # 2, corresponding to non-Hilbert spaces.
Asaconsequence, we need a well-posedness result based on a stability (or inf-sup) condition extended
to non-Hilbert spaces. For the error analysis, we will also need an extension of Céa’s Lemma to Banach
spaces, devoted to the approximation of the abstract problem using a Galerkin method.

In order to provide sufficient resources for a reader even not familiar with these methods to under-
stand the approach as a whole, we recall here some fundamental results. To this end, we basically
follow the presentation and the terminology proposed in the book by Ern and Guermond [9]. The
book of Brenner and Scott [10], that goes back to a paper by Rannacher and Scott [11] can also provide
helpful references. A well-informed reader may skip to Section 2.2.

2.1. Preliminary results

Let W and V be two Banach spaces equipped with their norms |.||w and ||.||v, respectively. In

addition, V is assumed to be reflexive. Let u € W be the solution to the variational formulation
Find u € W solution to:

a(u,v) =1lv), VveV, (1)
where [ is a continuous linear form on V, and a is a continuous bilinear form on W x V, i.e.
V(u,v)e WxV,lawv| < llalwylulwlviv,
with [lallw,y = inf{C € R,V (u,v) € W x V : |a(u,v)| < Cllullwllv|lv}. Assuming that

(BNB1)
a(w,v
Jo > 0, inf sup(—) >,
weW ey Iwllwllvily

(BNB2) VveV,(Vwe W,a(w,v) =0) = (v =0),

one can prove that problem (1) has one and only one solution in W, (see [9] Theorem 2.6), where
(BNB1)-(BNB2) refers to the Banach-Necas-Babuska conditions.

Now, let us introduce the approximation uy, of 4, solution to the approximate variational formula-
tion

Find uj, € Wy, solution to:
a(up,vp) =lvy), Ywv, e Vy, (2)



APPLICABLE ANALYSIS (&) 3

where W, C W and Vj, C V are two finite-dimensional subspaces of W and V. As noted in [9],
(Remark 2.23, p.92), neither condition (BNB1) nor condition (BNB2) implies its discrete counter-
part. The well-posedness of (2) is thus equivalent to the two following discrete conditions:

(BNB1,,)
. a(wp, vp)
doy, > 0, inf _ D Th > ap,
wi€Wi v, vy, W llwy, 1vallv,

(BNB2j,) Vv, € Vi, Ywy, € Wy,a(wy, vy) = 0) = (v, = 0).

From now on, we assume hypotheses (BNB1)-(BNB2) and (BNB1;)-(BNB2j) which guarantee
the well-posedness of (1) and (2).

The last key ingredient we need for the error estimates is the following generalized Céa’s Lemma
[9] valid in Banach spaces:

Lemma 2.1 (Céa): Assume that V, C V, Wy, C W and dim(Wy) = dim(V},). Let u solve the
problem (1) and uy, the problem (2). Then, the following error estimate holds:

lallw,v) .
lu—upllw = <1+— inf [lu — wpllw. 3)
oy wpeW),

In the rest of this paper, we will consider the variational formulation (1) and its approximation (2)
in the case where the Banach space W and the reflexive Banach space V are chosen as

W=Wm"Q) and V=W""@Q). (4)
Above, m and m’ are two non-zero integers, p and p’ two real positive numbers satisfying p # 2 and
P > 1with
1 1
4+ ==
p P
As usual, for any integer mand 1 < p < 400, W™P(2) denotes the Sobolev space of (class of) real-

valued functions which, together with all their partial distributional derivatives of order less or equal
to m, belongs to LP(2):

1. (5)

WP (Q) = { ueIP(Q) /Y ala| <m,d%uc LP(Q)} :

o = (1,02, . ..,0,) € N" being a multi-index whose length |«| is given by |o| = ot + - - - + oy, and
0%u the partial derivative of order || defined by:

O L
axyt ... 0x"
The norm ||. |, and the semi-norms |.|; o are respectively defined by:

1/p 1/p
Vue W(Q): lulmpa = | D 10%ull, | lulpe=| D 10%f, | . o<i<m,

lee|<m la|=I

where ||.||;» denotes the standard norm in L?(£2).
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2.2. Asimple example

We illustrate below, through an elementary example, the choice of the spaces W and V defined by (4).
Let f be a given function that belongs to LF(]0, 1[), (p # 2), and u € W>(]0, 1]) solution to:

—u"(x) + u(x) = f(x),x €10, 1,
u(0) = u(l) =0.

The corresponding variational formulation is given by:
Findu € Wé’p(]O, 1[), solution to:

1 1 ,
/0 [ (0)V (%) + u(x)v(x)] dx = fo fovix)dx, Vve WS’P (10,1D), (6)

where p and p’ satisfy (5), and Wé’p (10, 1[) denotes the space of functions w of W (]0, 1[) such that
w(0) = w(1) = 0.

Remark 2.1: e First of all, we notice that all the integrals in (6) are bounded due to Hdlder’s
inequality.

e Second, taking for example p = 3/2 and g = 3, the corresponding spaces W and V introduced
above are equalto W = Wé’3/2 (10,1))and V = Wé’3 (10, 1), that are, respectively, a Banach space
and a reflexive Banach space, as required.

In the rest of the paper, we shall assume that Q is an open subset in R”, exactly covered by a
mesh 7, composed by Nk n-simplexes K, (1 < u < N), which respect classical rules of regular
discretization, (see for example [12] for the bidimensional case, or [13] in R"). Moreover, we denote
by Pr(K,,) the space of polynomial functions defined on a given n-simplex K, of degree less than or
equal to k, (k > 1).

Henceforth, we assume that the approximate spaces W}, and Vj, satisfying dim(Wy) = dim(V}),
are included in the space of functions defined on 2, composed by polynomials belonging to
Pr(K,), (1 < u < Ng). As a consequence, Wj, C W™P(Q) and Vj, C WP (Q).

In the following section, we derive appropriate estimates related to the canonical basis of Px(K),).
This will in turn enable us to make explicit the dependence on k of the constant involved in the a
priori error estimates in WP (Q).

3. Properties of Lagrange finite element Py

In this section we follow the definitions and properties of the Py finite element in R” described by P.
A. Raviart and J. M. Thomas in [13].

Let us consider a n-simplex K C R” which belongs to a regular mesh 7j,. Since a complete
polynomial of order k which belongs to P (K) contains

NE(”“‘):M (7)

n n' k!

terms, each n-simplex element of the mesh 7;, must be associated with N independent specifiable
parameters, or degrees of freedom, to assure the unisolvence of the finite element [13].

Then, it is convenient to carry out all analysis of n-simplexes in terms of the so-called n-simplex
barycentric coordinates A1, . . ., An+1 which satisfy 7 A; = 1.
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A regularly spaced set of points M;,, .., can be defined in a n-simplex K by the barycentric
coordinates values M;,, ;... = (i1/k,...,(ins1)/k), 0 < i1,...,inq1 < k satisfying

i+ Fip =k (8)

One can check that the number of points defined in this way is equal to N, the dimension of Py (K)
given by (7).

Therefore, we introduce the canonical basis of functions p;,
which belongs to Px(K) defined by:

i,y Of the variables (A1,...,Au11)

,,,,,

n+1
Pirreinis Ot > hn) = [ P 0, )
j=1
where the auxiliary polynomials P;;(4)) are given by:
i
ki —ci+1
I (#) if ;> 1,
Pij()\‘j) = o1 G (10)
1, if i; = 0.

Pj; is clearly a polynomial of order ij in ;, and therefore, due to condition (8), p;,
is a polynomial of order k.

In the sequel, we will also use a single-index numbering to substitute the multi-index one. It will be
the case for the N points M;,, ;. ., simply denoted (M;);=1,n, as well as for the N canonical functions
Pir,...iny denoted (p;)i—1,n, and so on.

Let us also remark that each polynomial p; defined by (9)-(10) is characteristic to the correspond-
ing point M;. That is to say that we have the following property (see [13]):

,,,,, ins1 given by (9)

Vi,j= ltON:pi(M]')zaij.

Therefore, for a given set of N values ¢; = ¢;, the

polynomial Q in Pi(K) given by:

known at the N points M; = M;,

,,,,, int1 seesln 12

VMeK:QWM) = Q(rt,...s nt1)s

N
= Z Pityecving Pityeoings 155 Ang1) = Z<Pipi()»1,.-.,)»n+1),

i1+"'+in+1=k i=1

is the unique one in Px(K) such that Q(M;) = ¢;.
The following lemma gives the first point-to-point estimates for the polynomials p; defined
by (9)-(10).

Lemma 3.1: Let (p;)i=1,n be the canonical basis functions of the space of polynomials Pr(K) which are
defined by (9)-(10).
Then:

o7p;
P (Moo hng)| < K02, (11)

i(Aly. o s A <kn+1, VreN‘ | ——M———
|Pz( 1 n+1)| = r 3)»q1-.-3)xq,

where (91,92, .. .,qr) € N".
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Proof: This lemma generalizes Lemma 3.2 of [2] in the case where p is not necessarily equal to 2.
Hence, we will only provide a sketch of the proof, and refer the interested reader to this reference for
details.

The logical sequence of the proof can be summarized as follows:

» First, examine the upper boundary of the basis functions p;, (i = 1,...,N).
This requires to introduce integer n;, (0 < n; < n + 1), corresponding to the number of polyno-
mials P (%)) such that:

Vi=1....m, (ni = 1),: P;(%j) = Pi(%)) = kAj, (ij = 1),
k)uj(k)»j —-1... (k)»] — ij +1)

Iy
1

Vj=1’li+1,...,1’l—|-1,(l’lif}’l):Pij(Xj)= ,(ij>1).
Using the fact that the structure of p; depends on the value of n;, (n; = 0,1 < n; <mnorn; =n+1),
one obtains in all cases that

PiChis. . s k)| < KL
» Consider next r = 1, which corresponds to upper-bound the partial derivative (dp;/dA,), for a
given pair of non-zero integers (i, q).
Once again, depending on the value of n;, we obtain different estimates, the more restrictive being
o

<K K" < K2
Ing| ~ =

» Finally, handle the partial derivative of p; of order r with respect to A4,,...,2g,.
To this end, we basically use the upper bound and remark that any first-order partial derivative of
pi with respect to a given A, will bring a term in k"*; this leads to:

fypi

< (kn+2)r — kr(?’l+2)
gy ... g, | ~ ’

VrGN*:’

which corresponds to the second inequality of (11). |

We can now prove the following theorem in order to obtain the estimate for the canonical basis
(pi)i=1,n with respect to the semi-norms |.|;p k.

Theorem 3.2: Let p be the diameter of the largest ball that can be inscribed in K. Let (p;)i=1,n be the
canonical basis of Pr(K) defined in (9), (k, I, n) three integers and p a positive real number such that:

k+1>l+g,(0<p<+oo). (12)
Then, there exists two positive constants Cy and C; independent of k such that
. Kl (n+2)
Vpe R* : Ipilopx < Co K"t1 and VIe N*: |pi|l,p,K <QC ,Ol (13)

Proof: Let us consider the canonical basis of polynomials (p;)i=1 N of Px(K) defined by (9) and (10).
Then, due to Remark 2.2 in Arcangeli and Gout [14], for each polynomial p;, we have for all / > 0
for which (12) holds :
P 1/p o P 1/p
1 I 1 I 9%pi(x)
. < — aa . dx —_ - —_ 7
Pilipx = ! /1; |012_:101! [P p! /1; I;_:la! axy ... 0x"

>

(14)
where o! = a1! ... a,! and p is the supremum of the diameters of the inscribed spheres within the
n-simplex K.
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So, when I = 0, (14) together with the first inequality of (11) directly leads to:

1/p
Ipilopx < {/ pi(x)]” dx} < mes(K)/P k", (15)
K

which corresponds to the first part of (13) with Cy = mes(K)!/P.
Let us now consider the case where I > 1. Here, each first-order partial derivative (dp;/0x;) can
be written as
0pi = dpi DAy

opi _ g bt g (16)
3xj et 8)nq axj

where (d1,/0x;) is a constant denoted A which does not depend on , since Agq is a polynomial of
degree one, and we rewrite (16) as:

3Pi n+1 g 3Pi
o = D oA T (17)
] g=1 q

Therefore, in the same way, the second-order partial derivatives are given by:

+1 n+l
e = 2 L A
k b
0x;0x o 0Ag 0Ag,
and more generally for any non-zero multi-index « = («j,. . ., ®,) whose length is denoted |«|, we
get:
3‘ |p1 n+1 n+1
pramrr Tt DOREDY
1 =1  q,=1
n+1 n+1 L |t 4.
" a
(. (A;h AT AT Azmn> i .
i (0200, )+ (90gp . 00y,

Now, by using the second estimate of (11) where we set r = |«/|, this gives the following estimate:

3!l pi(x)

P < [(n+ DA] 2, (18)
X{ ... 0Xy

Va e N, |a| > ‘

where we set A = maxj ) A]q, G €{l,....,n} x{1,...n+1}.
Finally, from (18) we can derive:

I
Vie N* . Z (;
la|=I

31 p; ()

S| = [+ DAY K, (19)
XL 0%y,

since n' corresponds to the number of partial derivatives of order [ in R” for the polynomials p;.

Therefore, one can estimate the |.|; 5 x—norm for each polynomial p;, (1 <i < N), due to (14)
and (19), and finally obtain:

(n(n+ 1A mes(K)l/p] Kln+2) (20)

VleN*:Ip,‘|1,p,K§|: :
Jo

which corresponds to the second part of (13), with C; = [n(n + DA mes(K)Y/P. [ |
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Remark 3.1: We notice that estimate (13) generalizes to W™ Sobolev spaces the result proved for
H' in Lemma (3.3) of [2].

4, Explicit k-dependence in a priori Py finite element error estimates

We are now in a position to derive a k-explicit dependence of the constant involved in a W™? a priori
error estimate for P Lagrange finite elements.
This is the purpose of the following theorem:

Theorem 4.1: Let the hypothesis of Céa’s Lemma 2.1 hold with W and V defined by (4). Let (k, m, n)
be three integers and p a positive real number satisfying

zfg <1 thenm <k, (21)
n n
if;zl thenm <k—1 and k~|—1—5>0. (22)

Suppose that the approximation u, € Wy, is a continuous piecewise function composed by polynomials
which belong to P(K,), (1 < u < Ng).

If the exact solution u to problem (1) belongs to WHtLL(Q), the approximation uy, solution to
problem (2), converges to u in WP () when h goes to zero, and we have

= ullmp.e < Cih " [ulkrr 2 (23)
where €}, is a positive constant independent of h defined by:
(k + n)n km(n+2)

(k—m)!(k+1—m—g)

%= C (24)

Above, C is a positive constant which does not depend on k.

Proof: The proof of this theorem is based on the paper of Arcangeli and Gout [14], itself an extension
of the paper by Ciarlet and Raviart [15].

Firstly, we recall the conditions of Theorem 2.1 of Arcangeli and Gout.

Let ©2 be an open, bounded and non-empty convex subset of R” and I' its boundary. Let us
denote by Pi the space of polynomial functions of degree less than or equal to k. We assume
that ¥ = {a;};=1,v is a P—unisolvent set of points which belongs to Q, where P denotes a finite-
dikmensional space of dimension N composed by functions defined on € such that Py C P C
CH ().

Then, for all u € W1 (2) and for all integer / > 0 such that

k+1>l+§, (25)

we have:
1
—l)!(k+1—l—g

hk+1—l

lu— Mpuljpo < & ) [Ulkt1,p,9

N
1 1 1
- . hk+1, 2
T e (k T ﬂ) (Z |Pz|l,p,Q) lulks1p0 (26)
p

i=1



APPLICABLE ANALYSIS (&) 9

where I}, is the classical Lagrange interpolant which consists in interpolating the set of points X in
R" by a polynomial function of a given degree k, and (p;);=1,n are the unique functions such that

pilMj) =65, VYMjeX, V1<ij<N,

where §;; denotes the classical Kronecker symbol.

First of all, let us remark that, since we are interested in getting an a priori error estimate in
W™P(Q) for the exact solution u to the variational formulation defined in (1), we will need to write
estimates (26) for all values of I between 0 and m. It means that condition (25) also needs to be satisfied
from I = 0 to m, which implies that the following inequality must hold true:

E<k—|—1—m.
p

Now, to guarantee this condition, according to the ratio n/p, we get two conditions, conditions (21)
and (22).

Particularly, for the usual case where p = 2 and n = 2, condition (22) implies that when con-
sidering finite element P;, estimate (23) will only be written for m = 0 which corresponds to the
L*-norm. However, the finite element P; would also be considered with the W™ -norm by adapting
our theorem from another result proved by Arcangeli and Gout, (see Remark 2.3 and Theorem 1.1 in
(14]).

Thus, for our objectives, we write (26) for the following conditions:

Q = K, (1 < < Ny), a n-simplex which belongs to a regular mesh 7j,.

u is the exact solution in WP () N WK1 (Q), to the variational formulation (1).

The set of points X in R” correspond to the Py finite element nodes of K,.

The global interpolant function ITju is replaced by the local interpolant one Ik, u on the
n-simplex K.

Then, due to (20), estimate (26) becomes,VI=1,...,m:

1 1
= k= ;
-(k+1—l—1-,

kt1-1
lu — Mk, ulipk, ) |ulkr1p.k, Pk,

1 [ [n(n+ DAV (k+ n)!
+ 7 ki) [ulk+1,p,K, hl;<+1, (27)
P, \ K (k+1-2) nik g
H p
where we have used (7).
Consequently, (27) becomes:
1 I(n+2)
1+ ([n(n+1)0A] i (k;lt—!l)“.(k+n)k ) .
+1-1

lu — g, ulipx, < [ulkr1px, g,

(k—l)!(k+1—l—§)

( 14 [n(n+ l)o‘]m A* m!) (k+ n)" fm(n+2)
n (k—m! (k+1—m—2

IA

k+1-1
) |u|k+l,p,Kﬂth; 5
(28)

where A* = maxg<j<,, A, o a given number such that o > 1 and (hk,/pk,) < o, for all element
K,, belonging to the regular mesh 7j,.
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For simplicity, we rewrite (28) as follows:

(k + n)n km(n+2)

m—m)@+1_m_g

* k+1-1
lu — Mg, ulipx, < Ci(o, A*,m,n) ) lulkripk, b, > (29)

where we introduced constant C; (o, A*, m, n) defined by:

N [n(n+ Do ]™ A* m! .

Ci(o,A*,m,n) =1 o (30)
Now, when [ = 0, due to (15), estimate (26) becomes:
1 1
|u— Mg, ulopk, < = luliripx, B
p
1 (k+ n)!
ta 1 ) nA K™ uli1pk, B,
(k+1-%)
which leads to:
(k 4 n)nkm(n+2)
|lu — Tk, ulop.k, < Ca(n) |ulkr1pk, B (31)
(k—m)!(k+1—m—g)
forall k > 1 and m > 1, and where we introduced constant C,(n) defined by:
1
C(n) =1+ o (32)

Therefore, by the help of (29)-(30) and (31)-(32), we get the following W™ local interpolation error
estimate:

m
P _ P
= Tk il e, = D 1w =T, [ ko

=0
p
m
(k + n)" km+2) p p(k+1-1)
< ZCP(U,A , M, 1) |”|k+1,p,l<uh1<u ’
— (k — m)! (k+1—m—§)
(33)

where constant C(o, A*,m,n) is defined by : C(o, A*, m,n) = max(Ci(o, A*, m,n), Cy(n)).
Then, (33) leads to:

P
» (k + n)" k) »

< CP(a, A*, m,n,p, h) |ul ppkt1=m)
5 ’K —_ b bl bl bl bl k+1’ ’K b
i (k—m)!(k+1—m—g) P

[l — I, ull

where h = maxg,e7;, hx, and C(o, A*,m,n,p,h) =&(m,p,h).C(o, A*,m,n) with E(m,]g?:i
defined as follows:
1 — pp(m+1D) p
Emphy=||" 1-mw
(m+ 1)V/P if h=1.

it h#1, (35)
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Since the mesh 7}, is regular, by the help of (34), we get for the whole domain €2 the following global
interpolation error estimate:

1/p

P
Y lu—Tgullh,
K. €Ty

lu — Hpullmpe

(k + n)nkm(n+2)

(k — m)! (k+1—m—§)

IA

C(o, A*,m,n,p, h)

1/p

p k+1-m
X Z Ulis1pk, h g
K, €Ty

(k + n)nkm(n+2)
(k — m)! (k—}—l—m—g

< C(U, A*, m, T’I,P, h) ) |M|k+1’p’9 hk-‘rl—m' (36)

Then, estimate (24) is proved, provided that one takes into account estimate (3) of Céa’s Lemma 2.1.
Indeed, consider the WP —norm to measure the difference between the exact solution u to the
variational problem (1) and its approximation uy, solution to (2), we have:

”anwm,p’wm’,p’

lu = unllmpa < (1 + ) lu = Hpullmpe (37)

oy

where we choose in (3) wy, € W}, equal to T1u, [|all yymp ., as defined in (BNB), and aj, being the
constant of the discrete inf-sup condition (see (BNB1y)).

Then, replacing expression (36) in inequality (37) leads to:

”a” m,p ywm'.p’
lu — upllmpa < <1 + %> C(o, A*,m,n,p,h)

Oh

(k 4 n)nkm(n+2)

(k — m)! (k+1—m—§

) |ulkr1,p,0 KT (38)

Now, since & (m, p, h) introduced in (35) isbounded as h < diam (), C(o, A*, m, n, p, h) is uniformly
bounded with k. Hence, there exists C(o, A*, m, n, p) independent of / such that:

C(o, A*,m,n,p,h) < C(o, A*,m,n,p).
Consequently, by defining constant 6% by:

(k 4 n)nkm(nJrZ)
(k — m)! (k+1—m—g)

”auwm,p’wm’,p’ (39)

%k = (1 + ) C(U> A*> m, n>P)

Oh

we obtain the error estimate (23)-(24), with

[ P—
c— (1 N M) (o, A, my m, ).
ap
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5. Application to relative finite elements accuracy

In this section, we apply inequality (23) of Theorem 4.1 to evaluate the relative accuracy between two
finite elements. Hereafter, we will replace notation uy, with uglk), in order to highlight the degree k of
the polynomials involved in Px(K,,).

In [1], regarding a problem set in the usual Sobolev space H!(2), we introduced a probabilis-
tic framework which enables one to compare the relative accuracy of two finite elements of different
degrees in a non-standard way. Indeed, we claimed that quantitative uncertainties exist in the approx-
imate solution u,(qk), due for instance to the quantitative uncertainties that are commonly produced in
the mesh generation.

For this reason, we have considered the approximation error as a random variable, and we aimed

at evaluating the probability of the difference between two H! —approximation errors of u — u,(qkl) and

u— usz) corresponding to finite elements Py, and Py,, (k1 < k»).
Here, in the same way, one can only infer that the value of the approximation error || uzk) — ullmpa
belongs to the interval [0, € |ulky1p.0 pkA1—m] using error estimates (23)-(24).

As a consequence, for fixed values of k, m and p, we define the following random variable X,(jf)p by:

k _
X5 & = [0, Celulirrpg B
k k k k k
o =uP > X5 @) = X5, @) = 1P — ulmpa

where the probability space € contains all the possible results for a given random trial, namely,

all possible grids that the involved meshing tool can generate for a given value of /. Equivalently,
2 consists of all the possible corresponding approximations u;lk). Below, for simplicity, we will set:
k k k
X0 ) = XS (h).
Now, regarding the absence of information concerning the more likely or less likely values of norm

(k)
h

lu,” — tllmp.e within the interval [0, € |ulk+1p.0 hk*1=m] e assume that the random variable

Xf,],(j,(h) has a uniform distribution on the interval [0, Gk |u|x+1p,2 hkT1=m] in the following sense:

—«
V(o 8),0 <a < B < Cklulkr1pe HEF1=m Prob {Xirlz?z;(h) € [%/3]} = Gl P o hkF1=m’
+1p,

The above equation means that if one slides interval [o, 8] anywhere in [0, €|ulky1p.0 pkt1=m]
the probability of the event {ng,},(h) € [a, B]} does not depend on the localization of [«, 8] in
[0, Cklulk+1p.0 hk+1=m1 but only on its length; this reflects the property of uniformity for X,(q]f, ;,

Hence, it is straightforward to extend the theorem proved in [1] for the H 1 case to the W™P context.
This yields the following result, which estimates the probability of event {X, (k2) (h) < X,Sf},) (h)}.

m.p
Let Cy, be equal to Cy; = Gy, |ulk,+1p.0, (i = 1, 2), and let h;)p be defined as:
1/(ky—k
. % /(ka—ky) )
m,p Ck2 N

As in [1], by changing the H! —norm to the W™ one, we can derive that:

ky—ky
1 h . .
1— | — 1f0<h§hm)p,

ka—ky (41)

Prob {Xﬁ,ﬁi}) (hy < x) (h)} =
1 [ Mp . *
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Then, using (39), one can rewrite h;,p defined in (40) as follows:

”aHWmJ’,Wm,vP,
. (1+—ah,k1 ) (k1 +n>" <k1>'“<"+2> (ky — m)!

mp = lall ymp o’ \ \k2 +1) \kz (ky — m)!
1+ %hky

(kz +1—-—m— ﬂ) u
8 ?) lulk+1p0 ’ 42)

(kl +1—m— g) [ulky+1p.02

1/(ka—k1)

where ok, and ok, denotes the oy, appearing in generalized Céa’s Lemma 2.1, associated to finite
elements Py, and Py, , respectively.

Remark 5.1: Notice that, as proposed in [2], one can derive another law of probability to evaluate
the most accurate finite element between Py, and Pg,. More precisely, for h < hy, . assuming the

independence of events A = {X%,) (h) < X,Sf},) (h)} and B = {Xf,lf,},) (h) € [C,h*2, C, H¥11}, one can
obtain the following law of probability:

1 if0<h <M,
pmb{xi,ﬁ;}(h)gxi,ig(h)}z‘o o T e (43)

The probability distribution (43) is obtained by replacing the uniform distribution assumption
in (41) by the independence of events A and B. However, with no prior information about the
independence of these events, the more "natural” probabilistic law is (41).

Therefore, in what follows, we take a fixed value for k; (that we will denote k in the sequel), and
we study the asymptotic behavior of the accuracy between Py and Py 4, when g goes to +o0: this will
give us the asymptotic relation between the two probabilistic laws (41) and (43).

To this end, it is convenient to introduce notation (P, (h)) qeN+ corresponding to the sequence of

functions defined by (41), namely:
q
1
1— - L if0<h<h,
2\ ki 1

Vq e N*: P,(h) = Prob {X,Sf;‘” (h) < Xf,’;},(h)} - (44)

1B\ .

Above, we denote by hy the hy, , expressed as a function of g for given values of k, m and p, that is:

14 —”allwmlp’wmﬁp/ n m(n+2) k4+g4+1—-—m-1=2

B Ak k+n k (k+q—m)! q m-=s5

q ) IIaIIWm,p,Wm/’P/ k+qg+n k+gqg (k — m)! (k+1 Cm— ﬂ)
+ %hk+q p

1/q

Ulk+1,p,Q
[tlkt1,p (45)

[Ulk+g+1,p,0
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To obtain the asymptotic behavior of sequence (P;(h))gene, we first have to compute the limit of
sequence (h;;)qu.
It is the purpose of the following lemma:

Lemma 5.1: Let u € W"P(Q), (Vr € N), be the solution to problem (1) and (h;;)qu* the sequence
defined by (45). We assume that sequence (ap k+q) geN+ Satisfies:

, i =af R*. 46
VkeN ql}r}_loo kg = Ay € (46)

Let k, m and p be fixed such that (21) or (22) holds.

If
u
lim ke o R%), (47)
4=+ [Ulkyqt1,p0
then,
. .
qu}:oo hg = +oc. (48)
Proof: From (45), we readily get:
1 + Ha”Wm‘p,Wm/’P/ "
(h*)q B Wk (k + n)"km(nt2) (k+q—m)! (k+q+ 1—m— 1_7)
) - [l —— Y o n k " (k m(n-+2)
(1+—V\:1h,kf; )(k m)! <k+1 m p) (k+q+n)" (k+q)
' [ulk+1,p,0 . (49)
|u|k+q+1,p,52

Let us first remark that condition (46) implies that the following ratio, based on the constant involved
in (3) of Lemma 2.1, is uniformly bounded and stays strictly positive for any value of g. In particular,

we have:
”aHW”hP,Wm,vP,
. (1 * Fhik * *

4400 (| Tolymp iy
Ohk+q

Then, using Stirling’s formula when g goes to +o00, we first remark that

(k+q—m)!(k+q+1—m—§)
(k+q)" " (k+q+n)"
o (kg—m)
Vet g=m ()T (kg1 - m - )
q—+00 (k+q)m(n+2)(k+q+l’l)n

V27 (k + q — m)kra=m+3) 1
g—+00 ekt+q—m ( k+ q)n+m(n+2)—1 ’

>

k+q—3m—n(m+1)+(3/2)]

N \/E(k'F‘D[

b 51
q—>—+0o0 ek+a (51)
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where, according to Euler’s formula [16], we have used the following equivalence

(k+ q-— m)[k+q—m+(1/2)] ~ e—m(k_l_ q)[k+q—m+(1/2)]‘

q—+o0

Then, substituting (51) in (49) allows us to determine equivalent of h:; when g — +o00. Using (50),
one obtains

< II— )
q Xhk _ 3 [t r1p,9
( *) N e (k+q)(k+q)[k+q 3m—n(m+1)+(3/2)] +1p , (52)
q——+0o0 14 Ha”Wm,p,Wm’,p/ |u|k+q+1,p,9
Ohk+q

where ® denotes a constant independent of g defined by
(k 4 n)nkm(n+2)

(k — m)! (k+1—m—g)'

O =427

We now introduce two sequences (v) geN and (wg)geN, as follows:

VqeN:vyg=In |ulkrgripe g =4

Then, because of (47), the sequence r,; defined by the ratio

Vgr1 —V Ul k+q+2,p.92
q q q =1n< a+2p

Wat+1 — Wy |ulktq+1,p,0
has alimit L = In [ € R, when g goes to +o0.

As a consequence, due to the Stolz—Cesaro theorem, (see [17], p.263-266), the ratio v;/w, also
converges to the same limit L when g goes to +o0:

v In |u
lim Y4 = g ke
q—+o0 Wq q—>+o0 q
and
1/q 1/q
u 1 1
lim ("“—W) — lim <—) _eto L (53)
q—>+00 \ [Ulk+q+1,p,9 q—=>+o0 \ |Ulktg+1,p.0 !
As a result, from (50), (52) and (53), one can conclude that h; +~ 1/elq, which proves (48). |
o0

Remark 5.2: Let us comment on the assumptions of this lemma.

(1) The hypothesis on the ratio of norms in Equation (47) might appear very ad-hoc. Nevertheless,
one can easily check, based on several examples, that it is satisfied. Take for instance u, solution
to a standard Laplace problem solved in a regular domain Q € R? (for example a square), with
a given regular Dirichlet boundary condition on the boundary 92 and a regular enough right-
hand side, (for details see [2]).

(2) Asa matter of fact, inequality (50) is fulfilled in the following case: Assuming the bilinear form
a is coercive, the functional framework is necessarily Hilbertian (see Remark 2.3 in [9]). Since
we have considered that W = W™() and V = W™? (Q), with 1/p+1/p' =1,thenp =2
and W = V = H™(Q). So, if we denote by « the coercivity constant and by ||a| the continuity
constant, inequality (3) of Céa’s Lemma 2.1 can be expressed with constant ||a||/«a instead of
(1 4+ (llallw,v/ap)) and the ratio in the limit (50) equals 1 and ,B}T,k too.
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(3) Interms oflinear algebra, i.e. considering the matrix A associated with the bilinear form g, it can
be shown that oy, (or et k14) of (50) is related to the smallest eigenvalue of the square matrix
A'A, i.e. the smallest singular value of A, (see [9], Remark 2.23, (iii)). Hence, inequality (50)
could be checked if one is able to get information about the singular value decomposition of A.

We now consider the convergence of sequence (Py(h))4en+ as ¢ — +00. As we will see, due to
definition (44) of sequence (Pq(h))4en+> pointwise convergence presents a discontinuity at point
h= h;. Indeed, when g goes to 400, thanks to Lemma 5.1, h; also goes to +00, and this discontinuity
is therefore at +00.

Thus, to handle this singular behavior, we introduce the weak convergence of the sequence
(P4(h))gen+» i.e. convergence on the sense of distributions.

For the sake of exhaustivity, we briefly recall here some basic notions about distribution theory
[18], that allows us in passing to introduce the notations we will use. A well-informed reader may
skip these few lines.

We denote by D(R) the space of functions C*°(R) with a compact support in R, and by D’'(R)
the space of distributions defined on R. As we will carry out our analysis for all x € R, we extend the
sequence of functions (P4(h))4en+ on ] — 00, 0[ by setting: Vh < 0: Py(h) = 0.

Therefore, the sequence of extended functions (P4(h))4en+ belongs to the space L} (R).! Hence,
V¥ q € N*, each function Py (h) can be associated to its regular distribution T'p, defined by:

Vo e DR) : < qu,(p >= f Py(W)p(h) dh. (54)
R

For what follows, we will also need the Heaviside distribution Ty defined by:

+00
Vo e DR) :< Ty, >= / Hh)eh)dh = f o(h) dh,
R 0

where H(h) = 1if h> 0, and zero otherwise. We are now in a position to state the convergence result
of the sequence of distributions (Tp,)gen+ in D'(R).

Theorem 5.2: With the same assumptions on u as in Lemma 5.1, let (T'p,)qen~ be the sequence of dis-
tributions defined by (54) and (44)-(45). Then, (T’p,) gen+ converges with respect to the weak-* topology
on D'(R) to the Heaviside distribution Ty.

Proof: By definition [18] of the weak convergence in D'(R), we have to evaluate the limit of the
numerical sequence (< Tp,® >)geN when g goes to +00.
Hence, due to (54) and (44), we have, V¢ € D(R):

hy 1 h) oo (hz\*
< qu,¢>E/RPq(h)¢(h)dh=f0 -2 (= <p(h)dh+/h () etman
q 1
+00 1{n\ +oo 1 (hx\*
:f 1— S\ l[o,h;](h) dh—l—/ S\ l[hZ’JFOO[(h) dh, (55)
—00 q —00

where 1(,5) denotes the indicator function of interval [a, b],V(a, b) € R2.

Therefore, to compute the limit of < T'p,, ¢ > when g goes to +00, we will check the hypothesis
of the dominated convergence theorem [3] for the integrals involved in (55).

For the first one, introduce the sequence of functions ()4« defined on R by:

1\’
VgeN :yyh) = [1 -3 (h_Z) } Lions (Mg (h).

Then, sequence (Y/4) gen+ exhibits the following properties:
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e [t converges pointwise on R to function Hg, thanks to the following properties:

VheR: q_lirlloo Lio1(h) = Lo, 400 (h),

q
h h n
vV h, 0<h<hq qu—lI—loo (h—z> = hrf exp |:qln(h*>j| =07,

Forh = hy - Yg(hg) = 5 Loy (Hp)e(hy) = = @(hy) R

as hy goes to +00 when g goes to 400, ¢ being a function with compact support.

o The sequence of functions (¥4)4en+ is uniformly dominated for all g € N* by an integrable
function:

Vg e N*: |[¢,(W)| < |gl,
and |¢| € L'(R) as ¢ € D(R).

The dominated convergence theorem enables us to conclude that

+00 +00 +00
lim Wq (hydh = / lim vy(h)dh = / (He)(h) dh.
oo 40

g—-+o0 oo

With the same arguments, one gets for the second integral of (55)

+oo 1 [k 1
lim s\ ) Lot (We(h) dh =0,

g—>+oo J_oo 2\ h
so that
+00
lim < Ip,¢ >= / (Hp)(h)dh =< Ty, ¢ >,Y ¢ € D(R).
g—>—+00 —00
This ends the proof. u

In this setting, it is worth giving an interpretation of the results proved in this section. Basically, our
results mean that when the distance between the values of k; and k», (k; < k) increases, the finite
elements Py, will be surely more accurate than finite elements Py, for all values of 4 in the interval
[0, +00[, and not only when & goes to zero, as usually considered for accuracy comparison.

Apart from the asymptotic case where k; — k; goes to infinity, the probabilistic law (41) gives new
insights into the relative accuracy between Py, and Py, finite elements when k; and k; are fixed.

Indeed, in this situation, for h > h?, mp> We obtained that Prob{X(kZ)(h) < X(kl)(h)} < 0.5. This
shows that there are cases where Py, finite elements probably must be overquahﬁed As a consequence,
a significant reduction of implementation time and execution cost could be obtained without loss of
accuracy. Such a phenomenon has already been observed by using data-mining techniques coupled
with other probabilistic models (see [19-23]).

6. Conclusion

In this paper, we derived an explicit k-dependence in W™ a priori error estimates, that we then
applied to probabilistic relative accuracy of Lagrange finite elements. After having recalled some fun-
damental results of Banach spaces, especially the extension of Céa’s classical Lemma to non-Hilbert
spaces, we derived general upper bounds on the basis functions and their partial derivatives for the
polynomial space Pk (K).
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Hence, we extended previous work [1,2] to the case of Banach W™ spaces. This enabled us to
evaluate the relative accuracy between two Lagrange finite elements Py, and Py,, (ki < k;), when the
norm to measure the error estimate is defined on W™ (2). We also analyzed the asymptotic behavior
of the relative accuracy between finite elements Py, and Pk, 44, for a fixed k;, when g goes to +-00. We
proved that, under some ad hoc assumptions that are fulfilled in most cases, the probabilistic law (41)
is convergent to the Heaviside distribution Ty in the weak-* topology on D' (R).

Lastly, note that these perspectives are not necessarily restricted to finite element methods, but
can be extended to other approximation methods: given a class of numerical schemes and their cor-
responding error estimates, one can order them, not only by considering their asymptotic rates of
convergence, but also by evaluating the most probably accurate one.

Note

1. The space of functions locally integrable for any compact K of R.
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