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a b s t r a c t

We propose a new approach that consists in using data mining techniques for scientific
computing. Indeed, data mining has proved to be efficient in other contexts which deal
with huge data like in biology, medicine, marketing, advertising and communications.
Our aim, here, is to deal with the important problem of the exploitation of the results pro-
duced by any numerical method. Indeed, more and more data are created today by numer-
ical simulations. Thus, it seems necessary to look at efficient tools to analyze them. In this
work, we focus our presentation to a test case dedicated to an asymptotic paraxial approx-
imation to model ultrarelativistic particles. Our method directly deals with numerical
results of simulations and try to understand what each order of the asymptotic expansion
brings to the simulation results over what could be obtained by other lower-order or less
accurate means. This new heuristic approach offers new potential applications to treat
numerical solutions to mathematical models.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

With the development of super-computers, numerical methods produce today a huge quantity of numerical results. This
is especially true with the availability of massively parallel computers where, more and more data are computed by numer-
ical simulations. Moreover, this problem is certainly the most critical for unsteady and three dimensional problems, in which
are computed, at each node of a given mesh, approximations of scalar fields, vector or tensor components. It seems thus nec-
essary to look at new powerful tools to analyze the corresponding volumetric simulated data.

In addition, the numerical results are generally only partially exploited. Typically, one exploits the time evolution of a
variable, a snapshot of a given quantity at a fixed time, or some specific diagnostics. For instance for the Vlasov Maxwell sim-
ulation that we will consider here, one often depicts the position-velocity phase space at a given time.

The purpose of this paper is to present a new approach based on data mining techniques applied to scientific computing.
Why data mining techniques could help scientific computing? Such techniques have proved to be efficient in other contexts
which deal with huge data, like in biology [5], medicine [8,9], marketing [18], advertising and communications [6,7]. Indeed,
no one has to prove there that theses methods are relevant and well adapted to analyze such data.

In this paper, we focus our presentation to a test case dedicated to an asymptotic paraxial approximation to model ultra-
relativistic particles. Indeed, solving the time-dependent Vlasov Maxwell equations, which is one of the most complete
mathematical model for collisionless plasma or non-collisional beams, can lead to very expensive computations especially
in a three-dimensional domain. Therefore, whenever possible, it is worthwhile to take into account the particularities of the
physical problem to derive approximate asymptotic models leading to cheaper simulations.
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However, despite some theoretical convergence results, it is not always easy to determine which terms to retain in the
asymptotic expansion to get a sufficiently precise but not too expensive model. For instance, in the case of the paraxial
approximation we consider here, despite a convergence result proved in [12], a numerical study, see [3] shows that the com-
parison of the different orders of approximations is not obvious. In other terms, the asymptotic models are often difficult to
compare directly one to the other.

In this paper, we propose a methodology that we hope helpful for many domains of applications in scientific computing.
Basically, this approach can be decomposed into the following steps:

� Mathematical model elaboration. In this work, an asymptotic approximation of Vlasov–Maxwell equations.
� Numerical approximation processed. Here a discretization by finite differences and particle-in-cell methods.
� Collection of all the numerical data in a well structured and adapted database.
� Definition of relevant target variables to be explained and potential predictors. In this study, the ‘‘native’’ numerical variables,

namely corresponding to the computed approximations, together with those deduced form the formal analysis.
� Implementation of pertinent data mining tools (supervised or not) in relation with the objectives of the exploration. In this

paper, the use of decision trees.
� Analysis of the results produced by the data mining due to appropriate statistical techniques. Here, statistical tests and spear-

man’s rho correlation, to appreciate the main differences between the nodes identified in the decision tree.

In this study, we will deal with the comparison of asymptotic models. Hence, data mining techniques will be used to per-
form a sensitivity as a continuation of [1], analysis of approximate models. Our method directly processes numerical results
of simulations and try to understand what each order of the asymptotic expansion brings to the simulation results over what
could be obtained by other lower-order or less accurate means.

For this purpose in the present study, we consider a second order accurate formulation (denoted by M2) and a first order
model (denoted by M1) derived from the same asymptotic expansion, see [12,3]. Beyond the mathematical analysis or
theoretical results of approximation (M2 is obviously more ‘‘accurate’’ than M1!), we propose here to check a given order
accuracy on the numerical results themselves. Of course, one could assess this accuracy with a series of numerical test cases
where the parameters of the asymptotic expansion vary. But this can lead to tedious computations. First, since there are
often several parameters, so that one of them varies whereas other aspects are fixed. Secondly, since we often get a huge
quantity of results to compare. Moreover, contrary to the data mining techniques, such sensitivity studies are not always
supported by a theory. For these reasons, we propose an alternative based on those techniques. In this approach, the numer-
ical results considered as a ‘‘database’’ are entirely used and data mining techniques allows us to exploit all the time steps at
all the nodes of the mesh.

This paper is organized as follows. In Section 2, we first recall the time-dependent Vlasov–Maxwell system of equations,
written in axisymmetric geometry, from which the ultrarelativistic paraxial model is derived. We then expose the approx-
imate models M1 and M2, that will be compared in section 3. After recalling some necessary material about data mining
methodology, we present our specific approach based on decision trees. Section 4 is devoted to numerical results, in which
the model M1 and M2 are compared. Finally, a conclusion is drawn. Let us emphasize that, beyond this particular study, we
think that this new heuristic approach can operate in a lot of other domains of applications, where numerical simulations
take a central part to understand the features of a given system.

2. The paraxial model

To solve charged particle beams or plasma physics problems for collisionless plasma or non-collisional beams, one of the
most complete mathematical models is the time-dependent Vlasov–Maxwell system of equations, cf. [4]. However, the
numerical solution of such a model requires a large computational effort. Therefore, whenever possible, it is worth to take
into account the particularities of the physical problem to derive approximate models leading to cheaper simulations, see
[13,16,10,14]. Note that this requirement of ‘‘cheaper computations’’ is often the main motivation of most of the asymptotic
models. This remark would give to the approach exposed here the possibility of a lot of other applications. In this paper, we
will concentrate on an asymptotic paraxial model that has been introduced in [12] and numerically solved in [3] for high
energy short beams. We recall it here by rewriting the equations differently than in [3], in a way that is well adapted to data
mining analysis.

2.1. The axisymmetric Vlasov–Maxwell expansion

Let us consider a beam of charged particles with a mass m and a charge q which moves inside a perfectly conducting
cylindrical tube, the z-axis being the axis of the tube and the optical axis of the beam. Since the domain under consideration
is a bounded1 axisymmetric three-dimensional domain, we will therefore use the cylindrical coordinates (r,h,z). We denote by

1 In the transverse direction.
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X the transverse section of the tube of radius R, by C its boundary, so that C = {(r,h,z); r = R}, and by m the unit outward normal
to C. For the sake of simplicity, we assume here that there is no external fields.

Each particle of the beam can be characterized by its position X = (r,h,z) and its velocity V = (vr,vh,vz) in the phase space
(X,V). Assume that the beam is relativistic and non collisional, we introduce the momentum P = (pr,ph,pz) (defined below).
Hence, the motion of these particles can be described in terms of particle distribution function f(X,P, t) by the relativistic Vla-
sov equation. In addition, if the particle distribution function and the data are independent of h, we obtain that the function rf
– usually used instead of f in the axisymmetric case – satisfies the axisymmetric Vlasov equation

@

@t
ðrf Þ þ @

@r
ðv rrf Þ þ @

@z
ðvzrf Þ þ @

@pr

1
r

phvh þ Fr

� �
rf

� �
þ @

@ph

�1
r

prvh þ Fh

� �
rf

� �
þ @

@pz
ðFzrf Þ ¼ 0; ð1Þ

where

P ¼ cmV; c ¼ 1� V2

c2

 !�1=2

; ð2Þ

c denoting the speed-of-light in the vacuum.
In Eq. (1), F = (Fr,Fh,Fz) denotes the electromagnetic Lorentz force given by F = q(E + V � B), that describes how an electro-

magnetic field E = (Er,Eh,Ez) and B = (Br,Bh,Bz) acts on a particle with a given velocity. This electromagnetic field satisfies the
axisymmetric Maxwell equations in the vacuum.

In axisymmetric geometry, these equations are usually split into two independent systems of unknowns (Er,Bh,Ez) for the
first system, and (Br,Eh,Bz) for the second one. If we denote E = (Er,Ez) and B = (Br,Bz), Maxwell’s equations are written

1
c2

@E
@t
� curl Bh ¼ �l0J;

@Bh
@t þ curl E ¼ 0;

divE ¼ 1
e0

q;

8>>>><
>>>>:

and

1
c2

@Eh

@t
� curl B ¼ �l0Jh;

@B
@t þ curl Eh ¼ 0;

divB ¼ 0;

8>>><
>>>:

ð3Þ

where e0 and l0 are respectively the dielectric permittivity and the magnetic permeability that verify e0l0c2 = 1.
The axisymmetric operators are defined by

curl Bh ¼ � @Bh

@z
;
1
r
@

@r
ðrBhÞ

� �
; curlE ¼ @Er

@z
� @Ez

@r
; divE ¼ 1

r
@

@r
ðrErÞ þ

@Ez

@z
:

The perfectly conducting boundary condition gives here Ez = Eh = 0 on the surface of the tube C. On the z-axis, symmetry con-
siderations imply Er = Bh = 0 and Br = Eh = 0. Artificial boundary conditions are generally required to close the domain. How-
ever, they have no influence on this paraxial model, cf. [12].

The charge and the current densities q and J = (Jr, Jh, Jz) = (J, Jh) are obtained as the zero and the first moments of the dis-
tribution function f

q ¼ q
Z

fdP; J ¼ q
Z

VðPÞfdP: ð4Þ

One then exploits the physical/geometrical properties of the problem to derive paraxial asymptotic models, which approx-
imate the Vlasov–Maxwell system with a known accuracy. For high energy short beams, a paraxial relativistic model has
been derived, cf. [12,3] based on the following assumptions:

� The beam is highly relativistic i.e., satisfies c� 1,
� The dimensions of the beam are small compared to the longitudinal length of the device,
� The longitudinal particle velocities vz are close to the light velocity c,
� The transverse particle velocities ðv2

r þ v2
hÞ

1=2 are small compared to c.

Since vz ’ c for any particle in the beam, we rewrite the Vlasov–Maxwell equations in the beam frame, which moves along
the z-axis with the light velocity c. Hence we set

f ¼ ct � z; vf ¼ c � vz: ð5Þ

As a consequence, the bunch of particles is evolving slowly in this frame. We denote by �v the transverse characteristic veloc-
ity of the particles. Then, introduce a small parameter g defined by

g ¼
�v
c
� 1:

The paraxial model described in [12,3] is derived by retaining the first four terms in the asymptotic expansion of the distri-
bution function and the electromagnetic fields with respect to g. Following [12], one can show that the second order asymp-
totic expansion of
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f ¼ f ð0Þ þ gf ð1Þ þ g2f ð2Þ

is entirely determined from the expansion of the electromagnetic force (Fr,Fh,Fz) up to the order one:

ðFr ; Fh; FzÞ ¼ ðFr ; Fh; FzÞð0Þ þ gðFr ; Fh; FzÞð1Þ:

Now, to determine this force in the axisymmetric case, it is sufficient to know:

1. The principal part Bð1Þr ;Bð1Þh

� �
and Eð1Þr ; Eð1Þh

� �
of the transverse electromagnetic field.

2. The expansions Eð1Þz þ gEð2Þz and Bð1Þz þ gBð2Þz of the longitudinal electromagnetic field up to the order 2.

In [3], a particle-in-cell method is constructed from this asymptotic model, and numerical results illustrate the accuracy
of the method. Nevertheless, one can ask to ourselves in which way such a model is more precise than a simpler first order
model. In other words, which terms to retain in the asymptotic expansion to get a sufficiently precise, but not too expensive
model? To deal with this question, we propose using data mining explorations in asymptotic models, derived in the next
section.

2.2. The approximate models M1 and M2

Using the asymptotic expansion described above, one can derive several ‘‘nested’’ approximate models of the Vlasov–
Maxwell equations. Indeed, a paraxial model is derived by retaining the first terms in the asymptotic expansion of the dis-
tribution function and the electromagnetic fields with respect to g. Hence, one can consider the model denoted Mi in which
the asymptotic function f is approximated by the ith order expansion f (0) + gf (1) + � � � + gif (i).

In this paper, our aim is to illustrate the possibility of data mining techniques applied on scientific computing. Hence we
will only consider and compare the 2 first models M1 and M2. Let us now expose them.

Following [3,12] one can show that the ith order asymptotic expansion of f (here i = 1,2) is entirely determined from the
knowledge of the (i � 1)th order expansion of the electromagnetic Lorentz force Fði�1Þ

r ; Fði�1Þ
h ; Fði�1Þ

z

� �
. One thus obtain the fol-

lowing two models.

1. The model M1:
In this model, the asymptotic expansion f(0) + gf(1) is entirely determined from the zero order expansion Fð0Þr ; Fð0Þh ; Fð0Þz

� �
of

the electromagnetic force. To compute them, it is sufficient to know the principal part of the transverse electromagnetic
fields, which satisfies following [12,3]:

Eð1Þr ¼ cBð1Þh ¼
1

e0 r

Z r

0
qð1Þsds;

Eð1Þh ¼ Bð1Þr ¼ 0;

8><
>: ð6Þ

whereas the corresponding forces have the following expression

Fð0Þr ¼ qv ð1Þf Bð1Þh ; Fð0Þh ¼ 0; Fð0Þz ¼ qv ð1Þr Bð1Þh : ð7Þ

Note that in this model, the longitudinal fields Eð1Þz ;Bð1Þz are identically zero.
2. The model M2:

We also consider the model M2, in which the expansion f(0) + gf(1) + g2f(2) is entirely determined from the first order
expansion Fð1Þr ; Fð1Þh ; Fð1Þz

� �
of the electromagnetic force. To characterize them, it is proved [12,3] that the transverse elec-

tromagnetic fields have to verified the same equations as (6) for the transverse fields, but at the order 2, namely

Eð2Þr ¼ cBð2Þh ¼
1
e0r

Z r

0
qð2Þsds;

Eð2Þh ¼ Bð2Þr ¼ 0;

8><
>: ð8Þ

supplemented with, for the longitudinal fields:

@Eð2Þz

@r
¼ @Bð2Þh

@t
;

Eð2Þz ðr ¼ RÞ ¼ 0;

8><
>: and

@Bð2Þz

@r
¼ l0Jð2Þh ;R R

0 Bð2Þz r dr ¼ 0:

8><
>: ð9Þ

Finally, the corresponding forces are expressed:

Fð1Þr ¼ q v ð2Þh Bð2Þz þ v ð2Þf Bð2Þh

� �
; Fð1Þh ¼ �qv ð2Þr Bð2Þz ; Fð1Þz ¼ q Eð2Þz þ v ð2Þr Bð2Þh

� �
: ð10Þ

Since the model is written in a frame which moves along the optical axis at the speed of light, the bunch of particles is
evolving slowly in that frame. As a consequence, the computational domain is defined as a simple rectangular domain in
variables (r,f), and the above equations are easily solved by a finite-difference method written on a uniform rectangular
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mesh, with Nr (resp: Nf) points in the r (resp: f) direction. In the same way, the time derivative is approximated with a time
stepping method with Nt time steps. A numerical analysis of the schemes and more details can be found in [2].

Concerning the modeling of the particle dynamic, recall that the paraxial Vlasov equation is numerically solved by means
of a particle method: it consists in approximating the function rf(X,P, t) at any time t by a linear combination of delta dis-
tributions in the phase space (X,P):

rf ðX;P; tÞ ¼
X

k

wkdðX� XkðtÞÞdðP� PkðtÞÞ; ð11Þ

where wk denotes the constant weight of the particle k. Its position in the phase space X = (r,f) and P = (pr,ph,pz), where
pr = cmvr, ph = cmvh, pz = cm(c � vf) is solution to the differential system:

dr
dt
¼ 1

cm
pr;

df
dt
¼ c � 1

cm
pz;

dpr

dt
¼ 1

cmr
p2

h þ Fr;
dph

dt
¼ � 1

cmr
prph þ Fh;

dpz

dt
¼ Fz

8>>><
>>>:

ð12Þ

and initial conditions.
In the next section, our aim is to perform a sensitivity analysis of these two models via data mining techniques; For in-

stance to understand what the second order in the model M2 practically brings to the simulation results over what could be
obtained by the model M1. In such Vlasov Maxwell simulations, one is often interested in the particle motion. For this rea-
son, we will use the particle velocities as significant variables in the data mining analysis. Note that the choice of these vari-
ables cannot be automatic: it will always depend on the human expertise that will decide what to be explored in the data.
Following [3], we introduce for each model Mi; ði ¼ 1;2Þ, the variables

dv i
r :¼ cjv i

r � v i
r;aver j

for the radial velocity and

dv i
z :¼ cjv i

z � v i
z;aver j

for the longitudinal one, where the indexaver denotes in each case the average velocity.

3. Data mining and decision trees

3.1. Segmentation by decision tree

Data mining goal is to discover hidden or a priori unknown facts contained in databases. Using a combination of machine
learning, statistical analysis, modeling techniques and database technology, data mining finds patterns and subtle relation-
ships in data and infers rules that allow the prediction of future results [11,18].

Decision trees [15] belong to the supervised data mining tools to process the so-called segmentation, whose aim is to con-
stitute homogeneous subgroups inside a given population. For this purpose, we select in a given database, with the aid of the
expert of the domain (physician, physicist, economist, etc.) a variable y to be explained, named the target variable. Then, we
assume a formal unknown relation y = f(x1,x2, . . . ,xn) between the target y and n other variables x1,x2, . . . ,xn of the database,
called the predictors. Basically based on the minimization of the standard deviation of the target variable y, an algorithm of
segmentation determines the resulting optimized homogeneous subgroups. This results to a decision tree.

In the case of the segmentation we considered in our study, the target variable is a categorial one, i.e., is defined by a finite
number of values, that can be numeric or not, like ‘‘low’’ and ‘‘high’’.

A decision tree is then a tree composed by different subgroups (called nodes) of the initial population (called root node). At
each level of the tree, these nodes are obtained by the segmentation algorithm, by identifying among the predictor variables
(x1,x2, . . . ,xn), the most discriminating one, regarding the homogeneity degree of the resulting nodes. The homogeneity degree
of a node (or a subgroup) is usually measured by the standard deviation of the target variable y. For instance for a categorial
target variable y defined by two categories ‘‘low’’ and ‘‘high’’, It simply represents the percents of individuals which belong to
one category.

Each split of the segmentation divides a given node into several nodes, (here, in our study into two nodes which is the
specific case of a binary decision trees), based on the most discriminating predictor variable, let us say xj for a given j,
1 6 j 6 n, such that the left resulting node verifies the inequality xj 6 s and the right one xj > s (s being a threshold optimally
computed by the algorithm of segmentation).

This process stops when the splitting is not feasible: either any new subgroup cannot be found to be more homogeneous
than the previous one or the resulting segmentation is composed by insignificant subgroups, typically composed by a two
low number of individuals. Hence, in the decision tree, the path from the root node to each terminal node, called a leaf, de-
fines a succession of inequalities on the predictor variables that characterize the solutions belonging to the leaf with a certain
accuracy, which depends on the percentage of misclassified solutions in the leaf.

By choosing the most homogeneous leaves, one is able to characterize the different categories of the predictor variable
with a set of rules, composed by a succession of inequalities, with the best accuracy.

F. Assous, J. Chaskalovic / Journal of Computational Physics 230 (2011) 4811–4827 4815
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3.2. A basic example of data mining

This subsection is devoted to a basic application of data mining to an everyday life problem, to help non-specialists in data
mining. We consider a fictive case based on a medical application. The collected data are a set of patients suffered from the
same illness. During their course of treatment, each patient responded to one of five medications denoted Drug A, Drug B,
Drug C, Drug X and Drug Y. Our purpose is to show how data mining methods, especially decision trees, can help us to find
out which drug might be appropriate for a future patient with the same illness.

Let us list the available variables in the database: Age, Sex, Blood pressure (BP), Cholesterol, Blood sodium concentration
(Na), Blood potassium concentration (K), Prescription drug to which a patient responded (Drug).

Clearly, the target variable here is the prescribed drug, as one is interested to determine the efficiency of each drug cat-
egory on each patient. Let us have a look at what factors might influence drug. Following the expert’s advise, here the phy-
sician, the concentrations of sodium and potassium in the blood are important factors. So, we can create a scatterplot of
sodium versus potassium, using the drug categories as a color overlay, (see Fig. 1).

This plot clearly shows a threshold above which the correct drug is always drug Y and below which the correct drug is
never drug Y. This threshold is a ratio, namely between the sodium (Na) and the potassium (K). Since the ratio of sodium to
potassium seems to predict when to use drug Y, we introduce it as a new variable. This variable might be useful later when
one builds a model to predict when to use each of the five drugs.

On the other hand, the ability to full explain how the ratio of sodium to potassium in the blood affects the choice of drug is
not possible at this stage of our exploration. Indeed, one cannot determine for which level of this ratio such drug is more
efficient than another one. This is where data modeling will likely provide some answers. To achieve this objective, we will
try to fit the data using a segmentation model based on a decision tree (see Fig. 2).

To conclude this basic example, one has now to choose the most homogeneous leaves in the decision tree, to characterize
the different categories of the predictor variable with a succession of inequalities. From Fig. 2, one readily obtains that people
with an Na-to-K ratio less than 14.64 and high blood pressure (described by node 3), age determines the choice of drug (nodes
6 and 7). For people with low blood pressure (node 4), cholesterol level seems to be the best predictor (nodes 8 and 9).

3.3. Application to our data

Based on the methodology illustrated in the previous section, we will derive now decision tree analysis for numerical
computing applications.

In the database we considered, the data are computed by the help of finite differences method and described numerical
approximations of problems (6)–(10) solutions. Then, at each time step and for each node of the concerned space grid, we get
a set of variables which are:

v ðiÞr ;v
ðiÞ
h ;v

ðiÞ
f ; E

ðiÞ
r ; E

ðiÞ
z ; B

ðiÞ
z ;q

ðiÞ; JðiÞh ; F
ði�1Þ
r ; Fði�1Þ

h ; Fði�1Þ
z ; dv ðiÞr ; dv ðiÞz ði ¼ 1;2Þ: ð13Þ

Therefore, we organize the data such that each row of the database (or ‘‘individual’’, the devoted terminology in database
language) contains the information of the above variables for a given time step and for a space node. In the simulation case
we have run, the number of time steps Nt = 100, whereas the number of grid points Nr � Nf was equal to 1250.

Fig. 1. Sodium vs Potassium with overlay drug.
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Considering all the 100 time steps and the 1250 space nodes, the database we treated was composed by 125,000 rows and
26 variables given by (13) to be analyzed.

Because our objectives are to appreciate the improvement of the results depending on the order of the asymptotic devel-
opment of problems (6)–(10) solutions, we introduce the two following variables to define an appropriate target variable:

� Let us denote by X a given variable to be computed by the two asymptotic models M1, M2. We set X(1) its value computed
by the model M1 and X(2) its corresponding value from the model M2. As we are basically interested with the relative
order of magnitude of X1 w.r.t. X2, it is natural to consider the ratio of the variable X(1) by the variable X(2). Moreover, with-
out any a priori on the data, there is no reason to use another transformed target variable.
Then, the first variable we consider here, x1,2, is defined by:

x1;2 ¼
Xð1Þ

Xð2Þ

�����
�����: ð14Þ

It measures the weight of the model M1 in the model M2, regarding the variable X.
More precisely, one has to consider x1,2 in the two following main cases: The first one is when x1,2 is around 1 which cor-
responds to an equivalence of numerical results obtained between the two models M1 and M2 for the calculation of X.
The second case describes the situation when the numerical results between M1 and M2 are significantly different. This case
is available when x1,2 is either very small or very great compared to 1.
� From the variable x1,2, we are able to introduce our target variable xð3CLSÞ

1;2 , obtained by splitting the distribution of x1,2

into three equal classes of individuals: low, medium and high.

Without any a priori on the meaning of low or high contributions of the model M1 in the model M2, it is usual to define
the categorial variables xð3CLSÞ

1;2 as follows: the three classes of individuals are determined based on an equal number of indi-
viduals for each category, (low, medium and high).

Then, because our objectives are to identify which variables could be predictors of a significant difference in the evalu-
ation of the variable X(1) and X(2), we only keep in our analysis the extreme groups defined by the ‘‘low’’ class and the ‘‘high’’
class of the categorial target variable to be explained, namely, xð3CLSÞ

1;2 .

Fig. 2. Decision tree related to drug variable.
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Otherwise, the purpose of our analysis being to point out the role of the electromagnetic fields in the sensitivity between
the models M1 and M2, the dependent variables – that is to say the predictors – we kept to explain the above two classes are
the non-vanishing electromagnetic components, the charge and current densities and the particles velocities computed by
the model M2, namely

v ð2Þr ; v ð2Þh ; v ð2Þf ; Eð2Þr ; Eð2Þz ;Bð2Þz ;qð2Þ; Jð2Þf : ð15Þ

As a complement to take into account the coupling with the Vlasov equation, we also add to the above list of predictors the
components of the Lorentz force involved in the model M2, that is

Fð1Þr ; Fð1Þh ; Fð1Þz : ð16Þ

Note that the other available variables of the database could be considered as predictors or targets in further developments,
depending on the objectives of the exploration.

4. Result: comparison between the model M1 and M2

The question is to understand, at least in a formal way from the equations, what are the variables which bring a significant
contribution from the model M1 to the model M2, regarding first the variable dvr, then the variable dvz.

4.1. The case of dvr

4.1.1. The formal approach
In this paragraph the general variable X defined in section 3 is chosen equal to dvr. Then, first of all, we plot the distribu-

tion of x1,2 defined here by: x1;2 ¼ dv ð1Þr =dv ð2Þr .
As one can see (Fig. 3), this distribution is very gathered around the value 1 of dv ð1Þr =dv ð2Þr .
To understand this phenomena, we will formally analyze the relation between dv ð1Þr and dv ð2Þr with respect to all the po-

tential predictors. Then, we will confirm by statistical and data mining tools the resulting features we will get.
From Eq. (12), one readily sees that the radial velocity vr basically depends on2 the radial force Fr and on the square of the

azimuthal velocity v2
h . Recall also the definition of dv ðiÞr for each model Mi, that is:

dv ðiÞr :¼ c ðv ðiÞr � v ðiÞr;aver

��� ���;
where the indexaver denotes the average velocity. Hence we can write in a formal way that the variable dv ðiÞr is a function u of
Fði�1Þ

r and ðv2
hÞ
ðiÞ (the shift �1 of the superscript is due to the asymptotic expansion, see Section 2.1), that we denote by:

dv ðiÞr ¼ u Fði�1Þ
r ; ðv2

h Þ
ðiÞ

� �
ði ¼ 1;2Þ:

Let us use now the expressions of Fði�1Þ
r , for i = 1, 2. We have:

Fig. 3. Distribution of dv ð1Þr =dv ð2Þr .

2 In our case, the factor cm is quasi-constant. Anyway, if it not the case, one has to introduce dpðiÞr instead of dv ðiÞr . Moreover, v ðiÞr;aver as an average velocity is a
constant for each time step of the simulation.
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Fð0Þr ¼ qv ð1Þf Bð1Þh ;

Fð1Þr ¼ qv ð2Þf Bð2Þh þ qv ð2Þh Bð2Þz :

(

Recall that each model Mi was derived by retaining the i first terms in the asymptotic expansion of the distribution function,
the electromagnetic fields and forces, with respect to the small parameter g. As a consequence, one can consider that

Bð2Þh ¼ Bð1Þh þ DBð1Þh ;

v ð2Þf ¼ v ð1Þf þ Dv ð1Þf ;

(

where DBð1Þh , (resp: Dv ð1Þf ), denotes the difference of evaluation for Bh, (resp: vf), between the models M1 and M2.
Substituting the above expressions into Fð1Þr and retaining only the ‘‘zero order’’ terms, one can approximate the force Fð1Þr

by

Fð1Þr ’ Fð0Þr þ qv ð2Þh Bð2Þz

and we get that dv ð2Þr :¼ u Fð1Þr ; ðv2
h Þ
ð2Þ

� �
can be approximated by

dv ð2Þr ’ u Fð0Þr þ qv ð2Þh Bð2Þz ; ðv2
h Þ
ð2Þ

� �
:

One can carry on these approximations in a formal way. Assuming that we only consider the linear part of the functional u as
a first level of formal approximation, this yields

dv ð2Þr ’ u Fð0Þr ; ðv2
hÞ
ð2Þ

� �
þu qv ð2Þh Bð2Þz ; ðv2

h Þ
ð2Þ

� �
:

In addition, one uses now the same kind of approximation for the velocity vh,

v ð2Þh ¼ v ð1Þh þ Dv ð1Þh :

By substituting it in the first term of the above expression, and retaining only the ‘‘zero order’’ term, we finally obtain

dv ð2Þr ’ u Fð0Þr ; ðv2
hÞ
ð1Þ

� �
þu qv ð2Þh Bð2Þz ; ðv2

h Þ
ð2Þ

� �
’ dv ð1Þr þu qv ð2Þh Bð2Þz ; ðv2

h Þ
ð2Þ

� �
: ð17Þ

This shows that if the variables v ð2Þh Bð2Þz and ðv2
hÞ
ð2Þ does not bring a significant contribution, there is almost no difference be-

tween dv ð1Þr and dv ð2Þr . As a consequence it will also explains why the distribution dv ð1Þr =dv ð2Þr is gathered around 1.

4.1.2. Data mining explorations by decision tree and validation by statistical tests
The purpose of this section is to check the formal result of the above section by the help of data mining and statistical

tools. Basically, we use decision trees to identify the main features of two kinds of individuals in our population, the
‘‘low’’ and the ‘‘high’’ classes we considered. To that aim, we take into account the results of the formal analysis presented
in Section 4.1.1, that helps us to complete the list of potential predictors. For this reason, we also considered the quantity
v ð2Þh Bð2Þz as a predictor variable, together with the other variables described in (15) and (16). Without any complementary
information one might only considered the native numerical variables corresponding to the computed approximations, as
the potential predictors.

To identify the role, if any, of the elements such that x1,2 is significantly far from 1, we will focus our analysis on the indi-
viduals which belong to the low class and the high class defined by xð3CLSÞ

1;2 . In addition, having eliminated the medium group
of xð3CLSÞ

1;2 , this will lead to a better accuracy level for the resulting segmentation.
Our interest is to evaluate the differences, if any, between the distributions of the dependent variables which are sus-

pected to be different between the models M1 and M2. For this purpose, we performed a decision tree on the target variable
xð3CLSÞ

1;2 , whose purpose is to identify subgroups in the database which are homogenous to the category ‘‘low’’ and ‘‘high’’.
First of all, let us consider the decision tree (see Fig. 4) we got under IBM SPSS Modeler to model the two classes of the

variable xð3CLSÞ
1;2 , says the ‘‘low’’ and the ‘‘high’’ classes, in relation with the potential predictors listed above. Recall that the

exploration was processed on the whole available time steps and for all the space nodes of the considered grid.
The precision of the decision tree, that evaluates the tree accuracy, is computed by the risk estimate which is equal to 6.05

percents; the risk estimate tells the chances of misclassification by the decision tree. Here, for a binomial modeling predic-
tion, the risk estimate describes the proportion of cases incorrectly classified by the tree. So, if the risk estimate is equal to
6.05 percents, it means that 93.95 percents of data are correctly classified by the model of segmentation computed by the
decision tree. Accordingly, the quality level of the decision tree is very high and its reading is as follows.

As one can see (Fig. 4), the first segmentation which appears on the decision tree shows the most discriminating predictor
variable in the set of all the available potential predictors. Hence, Eð2Þz appears as this predictor with a corresponding com-
puted threshold equal to �0.006. This means that the group of the ‘‘low’’ x1,2 is mainly different from the group of the ‘‘high’’
x1,2, if one splits the whole involved population of the database up to the found threshold of Eð2Þz .

Because of the meaning of the two classes of the variable xð3CLSÞ
1;2 we considered, a first practical conclusion is that the com-

putation of dvr is significantly different between the two models M1 and M2, primarily due to the presence of the variable
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Eð2Þz in the asymptotic model M2. This result is expected since the Ez component is not present in the model M1, we mean
Eð1Þz ¼ 0.

On the other hand, at the first level of the root of the decision tree, i.e., at the top of the tree, a relevant tool is a whole
classification of the predictors (see Table 1) from the most discriminant to the less one, to distinguish the low class to the
high one. In this classified list of predictors appears after the first variable Eð2Þz , the component Eð2Þr as the second more sig-
nificant predictor to explain the numerical difference of the asymptotic development computed by the model M2 versus M1.

This feature is unexpected since the corresponding component Eð1Þr is non-zero in the model M1. Because of the strong
nonlinearity of the partial differential system, this was not a result that could be expected before this exploration.

Furthermore, and at the same stage of the decision tree, says the root, the classification of the predictors also pointed out
that the variable Bð2Þz does not appear as a predictor which explains a significant difference between the two asymptotic
modelings.

Fig. 4. Decision tree related to dvr.

Table 1
Hierarchy of the x3CLS

1;2 predictors for dvr.

Predictor Improvement scoring

Eð2Þz
0.144

Fð1Þz
0.144

ðv2
h Þ
ð2Þ=ðv2

h Þ
ð1Þ 0.112

Eð2Þr
0.092

Fð1Þr
0.092

q(2) 0.063

Jð2Þf
0.055

Bð2Þz
0.028

Fð1Þh
0.028

v ð2Þh Bð2Þz
0.027
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In contrast to the component Eð2Þr mentioned above, we recall here that Bð1Þz was null in the model M1. Nevertheless, it
does not bring a significant contribution in the second order model M2, while this might be intuitively expected.

After these first conclusions, let us identify the nodes corresponding to the most homogeneous one relatively to the low
and high classes defined by xð3CLSÞ

1;2 . The exploration of the decision tree from the root to the end nodes, namely the leaves,
shows the following results.

It appears (see Fig. 4) that node 5 corresponds to the most homogenous regarding the ‘‘low class’’ and that node 10 is the
most characteristic of the ‘‘high class’’. Therefore, these two groups are defined as the most likely ones to characterize the
‘‘individuals’’ in the database which correspond, on the first hand, to those such that dv ð2Þr is significantly greater than
dv ð1Þr , (we mean the ‘‘low class’’), and on the other hand, at the opposite, those such that dv ð2Þr is significantly less than
dv ð1Þr , (we mean the ‘‘high class’’).

Let us describe now these two groups by the help of standard statistical tools, to highlight and to classify their main fea-
tures. We processed two statistical tests to identify significant differences for each predictor computed on the two nodes 5
and 10, mentioned above.

The first test we considered is the t-test, whose purpose is to identify significant differences of the mean of a given var-
iable computed in different groups. This test is standard for predictors which follows normal distributions. But, it is also
available for other more general categories of distributions, regarding the IBM SPSS recommendation: ‘‘This test assumes
that the data are normally distributed; however, this test is fairly robust to departures from normality.’’ [17].

The second test we processed is the Mann–Whitney test, whose purpose is approximately the same as the t-test, but
which is a non-parametric one. Consequently, it does not assume any hypothesis of normality for the variables to be tested.

As one can see on Tables 2 and 3, both tests lead to the same conclusions; significant differences between the two groups
composed by the nodes 5 and 10 are detected for the following predictors: v ð2Þr ;v ð2Þz ;v ð2Þf ; Eð2Þr ; Eð2Þz ;qð2Þ; Jð2Þf ; Fð2Þr ; Fð2Þz .

On the other hand, the variables v ð2Þh and Bð2Þz do not play a discriminant role to distinguish the low class to the high one.
Then, accordingly to formula (17) in section 4.1.1, dv ð2Þr does not significantly differs from dv ð1Þr because neither v ð2Þh Bð2Þz nor
ðv2

h Þ
ð2Þ appears as a major predictor to explain the two relevant classes of the target variable xð3CLSÞ

1;2 .
This result is confirmed by a complementary analysis which consists to classify all the predictors, from the most signif-

icant one to the least one, regarding the target variable xð3CLSÞ
1;2 limited to the two groups, the low class and the high class. This

has been done by computing the non-parametric Spearman’s correlation coefficients.
Then, one can observe (see Table 4) the following rating between the potential predictors: The most correlated one with

the target variable xð3CLSÞ
1;2 is the component Eð2Þz , (or equivalently Fð1Þz due the explicit relation between Eð2Þz and Fð2Þz , and the

fact that v ð2Þr Bð2Þh is not significant, see Eq. (10) and Table 1), with a correlation coefficient q (�1 6 q 6 1) equal to 0.858 asso-
ciated to a p-value less than 10�5. Here, the meaning of the p-value corresponds to the degree of confidence that a relation-
ship exists between 2 variables. In our case, p-value less than 10�5 means that we are more than 99.99% confident that a

Table 2
t-test applied to nodes 5 and 10 of decision tree related to dvr.

Levene’s test for equality of variances t-test for equality of means

F Sig. t df Sig. (2-tailed)

v ð2Þr
Equal variances 0.186 0.666 17.804 1340 0.000
Different variances 17.748 1229.7 0.000

v ð2Þh
Equal variances 14.584 0.000 �0.279 1340 0.781
Different variances �0.285 1327.273 0.775

v ð2Þf
Equal variances 724.708 0.000 34.184 1340 0.000
Different variances 38.833 839.97 0.000

Eð2Þr
Equal variances 7785.76 0.000 �23.457 1340 0.000
Different variances �26.817 792.520 0.000

Eð2Þz
Equal variances 1525.12 0.000 34.472 1340 0.000
Different variances 39.575 762.226 0.000

Bð2Þz
Equal variances 3.180 0.075 �0.972 1340 0.331
Different variances �0.982 1288.971 0.326

q(2) Equal variances 47.217 0.000 �4.911 1340 0.000
Different variances �5.053 1334.256 0.000

Jð2Þf
Equal variances 41.160 0.000 �4.085 1340 0.000
Different variances �4.203 1334.466 0.000

Fð1Þr
Equal variances 7785.759 0.000 23.457 1340 0.000
Different variances 26.817 792.520 0.000

Fð1Þh
Equal variances 3.18 0.075 �0.972 1340 0.331
Different variances �0.982 1288.971 0.326

Fð1Þz
Equal variances 1525.794 0.000 �34.432 1340 0.000
Different variances �39.528 762.226 0.000

v ð2Þh Bð2Þz
Equal variances 3.331 0.068 0.972 1340 0.331
Different variances 0.982 1289.374 0.326

ðv2
h Þ
ð2Þ Equal variances 14.632 0.000 0.260 1340 0.795

Different variances 0.266 1327.119 0.790
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strong relationship exists between Eð2Þz and xð3CLSÞ
1;2 . Let us recall that this result was also identified by the decision tree algo-

rithm (the predictor which appears at the first segmentation in the decision tree).
The second predictor in the rating list is Eð2Þr , (or Fð1Þr ), also with a reliable computation in relation with the p-value which is

also less than 10�5. This was another result we found by the decision tree.
Finally, let us mention that both predictors Bð2Þz and v ð2Þh are not correlated with xð3CLSÞ

1;2 . This can be observed from the
respective Spearman’s correlation coefficient which is equal to 0.032 for the predictor Bð2Þz and �0.042 for v ð2Þh .

Let us also remark that the two corresponding p-values are equal to 0.23 for Bð2Þz and 0.12 for v ð2Þh . This means that we
cannot be 95% confident that a relationship exists between Bð2Þz and xð3CLSÞ

1;2 on the first hand, and Bð2Þz and xð3CLSÞ
1;2 on the other

hand.
So, regarding this complement of exploration, we conclude again that neither Bð2Þz nor v ð2Þh plays a significant role within

the computation of dvr either from the models M2 or M1. Once more, due to formula (17), dvr has approximatively the same
value if one computes it either with the model M1 or M2.

This makes sense and explains why the distribution of
dv ð1Þr

dv ð2Þr

is concentrated around 1, (see Fig. 3), as it was suspected by
the formal analysis we presented above.

Table 3
Mann–Whitney test related to dvr.

Mann–Withney U Wilcoxon W Z Asymptotic Sig. (2-tailed)

v ð2Þr
108,528 3,999,994 �15.980 0.000

v ð2Þh
210,011 501,477 �1.547 0.122

v ð2Þf
7567 299,033 �30.338 0.000

Eð2Þr
56,247 224,157 �23.415 0.000

Eð2Þz
0.000 291,466 �31.414 0.000

Bð2Þz
212,531 380,441 �1.189 0.235

q(2) 152,746 320,656 �9.691 0.000

Jð2Þf
166,739 334,649 �7.701 0.000

Fð1Þr
56,247 347,713 �23.415 0.000

Fð1Þh
212,531 380,441 �1.189 0.235

Fð1Þz
0.000 167,910 �31.414 0.000

v ð2Þh Bð2Þz
213,296 504,762 �1.080 0.280

ðv2
h Þ
ð2Þ 210,011 377,921 �1.547 0.122

Table 4
Spearman’s q related to dvr.

v ð2Þr
Correlation coefficient �0.436
Sig. (2-tailed) 0.000001

v ð2Þh
Correlation coefficient �0.0432
Sig. (2-tailed) 0.122

v ð2Þf
Correlation coefficient �0.828
Sig. (2-tailed) 0.000001

Eð2Þr
Correlation coefficient 0.639
Sig. (2-tailed) 0.000001

Eð2Þz
Correlation coefficient �0.858
Sig. (2-tailed) 0.000001

Bð2Þz
Correlation coefficient 0.032
Sig. (2-tailed) 0.235

q(2) Correlation coefficient 0.265
Sig. (2-tailed) 0.000001

Jð2Þf
Correlation coefficient 0.21
Sig. (2-tailed) 0.000001

Fð1Þr
Correlation coefficient �0.639
Sig. (2-tailed) 0.000001

Fð1Þh
Correlation coefficient 0.032
Sig. (2-tailed) 0.235

Fð1Þz
Correlation coefficient 0.858
Sig. (2-tailed) 0.000001

v ð2Þh Bð2Þz
Correlation coefficient �0.029
Sig. (2-tailed) 0.280

ðv2
h Þ
ð2Þ Correlation coefficient 0.042

Sig. (2-tailed) 0.122
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4.2. The case of dvz

4.2.1. The formal approach
As we proceeded for the analysis of dvr, we set now the variable X to be equal to dvz and we plot the resulting distribution

of dv ð1Þz =dv ð2Þz , (see Fig. 5). Here, unlike the distribution of dv ð1Þr =dv ð2Þr , it is gathered around the 0-value of dv ð1Þz =dv ð2Þz .
Again from Eq. (12), it is clear that the longitudinal velocity vz depends only3 on the longitudinal force Fz. Using the def-

inition of dv ðiÞz for each model Mi

dv ðiÞz :¼ c v ðiÞz � v ðiÞz;aver

��� ���;
we can still express the variable dv ðiÞz is a function w of Fði�1Þ

z

dv ðiÞz ¼ w Fði�1Þ
z

� �
ði ¼ 1;2Þ:

We exploit now the expressions of Fði�1Þ
z for i = 1, 2. We have

Fð0Þz ¼ qv ð1Þr Bð1Þh ;

Fð1Þz ¼ qv ð2Þr Bð2Þh þ qEð2Þz :

(

Again, each model Mi being derived by retaining the i first terms in the asymptotic expansion, one can consider that

Bð2Þh ¼ Bð1Þh þ DBð1Þh ;

v ð2Þr ¼ v ð1Þr þ Dv ð1Þr :

(

Substituting these expressions into Fð1Þz and retaining only the ‘‘zero order’’ terms, one can approximate the force Fð1Þz by

Fð1Þz ’ Fð0Þz þ qEð2Þz

and we get that dv ð2Þz :¼ wðFð1Þz Þ can be approximated by

dv ð2Þz ’ w Fð0Þz þ qEð2Þz

� �
:

Let us still can carry on this approximation. Again, we only consider the linear part of the functional w as a first level of for-
mal approximation to obtain:

dv ð2Þz ’ w Fð0Þz

� �
þ w qEð2Þz

� �
’ dv ð1Þz þ w qEð2Þz

� �
: ð18Þ

This would explains why, if the variable Eð2Þz brings a significant contribution, there is a real difference between dv ð1Þz and

dv ð2Þz , or, in other words, why the distribution of
dv ð1Þz

dv ð2Þz

is mainly gathered around 0.

Fig. 5. Distribution of dv ð1Þz =dv ð2Þz .

3 The factor cm is quasi-constant.
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Fig. 6. Decision tree related to dvz.

Table 5
t-test applied to nodes 2 and 11 of decision tree related to dvz.

Levene’s test for equality of variances t-test for equality of means

F Sig t df Sig. (2-tailed)

v ð2Þr
Equal variances 0.852 0.356 8.631 1472 0.000
Different variances 8.741 1446.205 0.000

v ð2Þh
Equal variances 35.161 0.000 7.043 1472 0.000
Different variances 6.854 1214.403 0.000

v ð2Þf
Equal variances 389.041 0.000 �25.077 1472 0.000
Different variances �23.359 905.770 0.000

Eð2Þr
Equal variances 3362.368 0.000 �10.466 1472 0.000
Different variances �11.417 1130.658 0.000

Eð2Þz
Equal variances 29.002 0.000 �75.538 1472 0.000
Different variances �73.622 1225.153 0.000

Bð2Þz
Equal variances 239.052 0.000 �18.581 1472 0.000
Different variances �17.526 988.767 0.000

q(2) Equal variances 29.653 0.000 �19.424 1472 0.000
Different variances �18.748 1153.782 0.000

Jð2Þf
Equal variances 66.891 0.000 �22.375 1472 0.000
Different variances �21.343 1067.835 0.000

Fð1Þr
Equal variances 3362.368 0.000 10.466 1472 0.000
Different variances 11.417 1130.658 0.000

Fð1Þh
Equal variances 239.052 0.000 �18.581 1472 0.000
Different variances �17.526 988.767 0.000

Fð1Þz
Equal variances 28.993 0.000 75.562 1472 0.000
Different variances 73.645 1225.160 0.000

v ð2Þr Eð2Þr
Equal variances 3362.364 0.000 �10.466 1472 0.000
Different variances �11.417 1130.659 0.000
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4.2.2. Data mining exploration by decision tree and validation by statistical tests
Here, the precision of the decision tree given by the risk estimate is equal to 5.2 percent. So, 94.8 percents of data are

correctly classified by the model of segmentation computed by the corresponding decision tree. One more time, the quality
level of the decision tree is very high and it let us to use it with a high level of confidence.

The first segmentation which appears on the decision tree (Fig. 6) highlights the most discriminated predictor variable in
the set of all the available potential predictors. More precisely, Fð1Þz is detected as this predictor with a corresponding com-
puted optimal threshold equal to 37.24.

Based on the information available within the decision tree dedicated to dvz, we get similar conclusions as we mentioned
for the decision tree relatively for dvr, namely:

� Fð1Þz is the most discriminate variable. This was an expected result, since Eð1Þz ¼ 0 in the model M1, which implies that the
main difference between Fð1Þz and Fð0Þz is essentially due to Eð2Þz (see Eq. (10)).
� The second most important predictor identified at the root of the decision tree is Eð2Þr which an unexpected feature since

the corresponding component Eð1Þr is non-zero.
� On the contrary, Bð2Þz appears as a non-significant predictor even if Bð1Þz was null in the model M1.

Let us now identify in the decision tree the nodes which corresponds to the most homogeneous relatively to the low and
high classes defined by xð3CLSÞ

1;2 , with respect to dv ð1Þz and dv ð2Þz . The exploration of the decision tree (see Fig. 6) allows us to
isolate the two nodes 2 and 11 as the most homogenous ones, regarding the ‘‘low class’’ and the ‘‘high class’’ respectively.

Table 6
Mann–Whitney test related to dvz.

Mann-Withney U Wilcoxon W Z Asymptotic Sig. (2-tailed)

v ð2Þr
182,815 523,540 �10.465 0.000

v ð2Þh
212,377 553,102 �6.821 0.000

v ð2Þf
106,674 317,599 �19.851 0.000

Eð2Þr
222,215 433,140 �5.608 0.000

Eð2Þz
0.000 210,925 �33.000 0.000

Bð2Þz
129,486 340,411 �17.039 0.000

q(2) 121,207 332,132 �18.059 0.000

Jð2Þf
107,243 318,168 �19.781 0.000

Fð1Þr
222,215 562,940 �5.608 0.000

Fð1Þh
129,486 340,411 �17.039 0.000

Fð1Þz
0.000 340,725 �33.000 0.000

v ð2Þr Eð2Þr
222,215 433,140 �5.608 0.000

Table 7
Spearman’s q related to dvz.

Fð1Þz
Correlation coefficient �0.860
Sig. (2-tailed) 0.000

Fð1Þh
Correlation coefficient 0.444
Sig. (2-tailed) 0.000

Fð1Þr
Correlation coefficient �0.146
Sig. (2-tailed) 0.000

Jð2Þf
Correlation coefficient 0.515
Sig. (2-tailed) 0.000

q(2) Correlation coefficient 0.471
Sig. (2-tailed) 0.000

Bð2Þz
Correlation coefficient 0.444
Sig. (2-tailed) 0.000

Eð2Þz
Correlation coefficient 0.860
Sig. (2-tailed) 0.000

Eð2Þr
Correlation coefficient 0.146
Sig. (2-tailed) 0.000

v ð2Þf
Correlation coefficient 0.517
Sig. (2-tailed) 0.000

v ð2Þh
Correlation coefficient �0.178
Sig. (2-tailed) 0.000

v ð2Þr
Correlation coefficient �0.273
Sig. (2-tailed) 0.000
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As in the above analysis dedicated to the computation of dvr by each model, these two groups characterized the most likely
ones either for the individuals such that dv ð2Þz is significantly less than dv ð1Þz or otherwise.

Then, we are in position to describe these two groups by identifying the predictors which corresponds to significant dif-
ferences between them. Tables 5 and 6 together lead to the same conclusions: The sought predictors are given by the whole

list of potential predictors. Thereby, dv ð2Þz significatively differs from dv ð1Þz because, according to formula (18) in section 4.2.1,

Eð2Þz will produce a relevant contribution. This explains why the distribution of
dv ð1Þz

dv ð2Þz

is grouped around the 0-value as it was

predicted by the formal analysis we detailed above.
Another time, this result is confirmed by the computation of the non parametric Spearman’s correlation coefficients.
Indeed, one can observe (see Table 7) the following rating list between the potential predictors: The most correlated one

with the target variable xð3CLSÞ
1;2 is Eð2Þz , (or equivalently Fð1Þz ), with a correlation strength estimated to 0.86 and associated with

a p-value less than 10�5, which leads us to consider the correlation evaluated by Spearman’q as a reliable one.
The above results both confirm and strengthen our formal approach described in subsection 4.1.1. Then, we conclude that

the computation of dvz significantly differs in the two models M1 and M2. For this reason, the distribution of
dv ð1Þz

dv ð2Þz

is gath-

ered around its 0-value. This means that the model M2 increases the value of dvz computed within the model M1, since we
considered absolute values in our analysis of dvz.

5. Conclusion

In this paper, we have presented a new approach based on data mining techniques and statistical tools applied to scien-
tific computing. We focused our study to the specific case of an asymptotic paraxial approximation to model ultrarelativistic
particles. Our aim was to determine the role of the different powers in the asymptotic expansion, restricted to the models
M1 and M2. As we have considered an approximate model of the Vlasov–Maxwell equations, we have chosen dv ðiÞr and
dv ðiÞz ði ¼ 1;2Þ, as the two main physical variables.

For dvr, the analysis of the decision tree shows that the most important predictor is Eð2Þz . On the other hand, Bð2Þz does not
bring any significant contribution to distinguish the value of dvr between the two models M1 and M2. The two most homo-
geneous nodes in the decision tree allows us to confirm why the distribution x1,2 is gathered around one, as suspected by the
formal analysis. Namely, neither Bð2Þz nor v ð2Þh does not play a significant role for the computation of dvr in the two models M1

and M2.
Concerning dvz, the analysis of the decision tree shows here that the most important predictor is Fð1Þz . Similarly to the case

of dv r; Bð2Þz is not a relevant predictor for dvz. Again, the identification of the two most homogeneous nodes in the decision
tree confirms that the distribution x1,2, in that case, is gathered around its zero value, as expected by the formal analysis.
Indeed, Fð1Þz has a strong correlation with x3CLS

1;2 .
Despite the mathematical analysis which states that an asymptotic model of high order (here M2) is globally more accu-

rate than a lower order one (here M1), our take-home message is first to show that this improvement is not true, uniformly
for each variable of the model. Then, we show how data mining tools allow us to identify which variables are actually im-
proved from one model to the other.

Beyond the particular case we treated in this paper, we suggest that data mining techniques can be applied to the analysis
of any scientific computations as it is applied in a lot of other domains. Indeed, data mining would help to investigate the
relevance and/or the quality of numerical simulations, particularly when a large quantity of data – as for instance with mas-
sively parallel computers – is available.

Nevertheless, several problems remain open: up to now, this approach remains heuristic and mathematical analysis to
asses the method would be useful. In addition, data mining tools will always involve the human expertise to guide the anal-
ysis and to explore the data.

References

[1] F. Assous, J. Chaskalovic, Data mining techniques for numerical approximations analysis: a test case of asymptotic solutions to Vlasov Maxwell
equations, Comptes Rendus Mécanique. 338 (2010) 305–310.

[2] F. Assous, F. Tsipis, A PIC method for solving a paraxial model of highly relativistic beams, J. Comput. Appl. Math. 227-1 (2009) 136–146.
[3] F. Assous, F. Tsipis, Numerical paraxial approximation for highly relativistic beams, Comput. Phys. Commun. 180 (2009) 1086–1097.
[4] C.K. Birdsall, A.B. Langdon, Plasmas Physics via Computer Simulation, Mac.Graw-Hill, New York, 1985.
[5] O. Kulski, J. Chaskalovic, et al., Explicative factors for prognostics IIU: exploration on 2089 cycles done with statistical and data mining tools, in: 9th

Meeting of the French Federation of the Reproduction Studies, Palais des Congrés – Paris, 2004.
[6] J. Chaskalovic, A new approach in Media/Marketing Databases explorations for application in E-business, National Congress of IREP, Paris, 1999.
[7] J. Chaskalovic, A. Vanheuverzwyn, Innovation in estimations: a reliable approach for radio audience indicators, in: Proc. Esomar, WM3 2007, Dublin,

vol. 306, 2007.
[8] X.L. Nguyên, J. Chaskalovic, et al, Residual subjective daytime sleepiness under CPAP treatment in initially somnolent apnea patients: a pilot study

using data mining methods, Sleep Med. 9 (5) (2007) 511–516.
[9] X.L. Nguyên, J. Chaskalovic, et al, Insomnia symptoms and CPAP compliance in OSAS patients: a descriptive study using data mining methods, Sleep

Med. (2010).
[10] P. Degond, P.-A. Raviart, On the paraxial approximation of the stationary Vlasov–Maxwell, Math. Mod. Methods Appl. Sci. 3 (4) (1993) 513–562.

4826 F. Assous, J. Chaskalovic / Journal of Computational Physics 230 (2011) 4811–4827



Author's personal copy

[11] T. Hastie, R. Tibshirani, J. Friedman, The Elements of Statistical Learning: Data Mining, Inference, and Prediction, second ed., Springer Series in Statistics,
2009.

[12] G. Laval, S. Mas-Gallic, P.-A. Raviart, Paraxial approximation of ultrarelativistic intense beams, Numer. Math. 69 (1) (1994) 33–60.
[13] M.A. Mostrom, D. Mitrovich, D.R. Welch, The ARCTIC charged particle beam propagation code, J. Comput. Phys. 128 (2) (1996) 489–497.
[14] P.A. Raviart, E. Sonnendrucker, A hierarchy of approximate models for the Maxwell equations, Numer. Math. 73 (3) (1996) 329–372.
[15] L. Rokach, O. Maimon, Data Mining with Decision Trees: Theory and Applications, World Scientific Publishing Company, 2001.
[16] S. Slinker, G. Joyce, J. Krall, R.F. Hubbard, ELBA – a three dimensional particle simulation code for high current beams, in: Proc. of the 14th Inter. Conf.

Numer. Simul. Plasmas, Annapolis, 1991.
[17] SPSS 13.0 Base Users Guide, p. 364, ISBN 0-13-185723-1.
[18] R. Lefebure, G. Venturi, Data Mining, Eyrolles, 2001.

F. Assous, J. Chaskalovic / Journal of Computational Physics 230 (2011) 4811–4827 4827


