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Liquid droplets of nanometric size encapsulated by a polymer shell are envisioned for targeted drug

delivery in therapeutic applications. Unlike standard micrometric gas-filled contrast agents used for

medical imaging, these particles present a thick shell and a weakly compressible core. Hence, their

dynamical behavior may be out of the range of validity of the models available for the description

of encapsulated bubbles. In the present paper, a model for the ultrasound dispersion and absorption

in a suspension of nanodroplets is proposed, accounting for both dilatational and translational

motions of the particle. The radial motion is modeled by a generalized Rayleigh–Plesset-like

equation which takes into account the compressibility of the viscoelastic shell, as well as the one of

the core. The effect of the polydispersity of particles in size and shell thickness is introduced in the

coupled balance equations which govern the motion of the particles in the surrounding fluid.

Both effects of shell compressibility and polydispersity are quantified through the dispersion and

absorption curves obtained on a wide ultrasonic frequency range. Finally, some results for larger

gas-filled particles are also provided, revealing the limit of the role of the shell compressibility.
VC 2014 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4864784]
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I. INTRODUCTION

Propagation of acoustic waves in a dilute suspension is

of interest in many situations and in particular to character-

ize colloidal dispersions or suspensions.1 The main tech-

nique of characterization, acoustic spectroscopy, consists in

measuring the speed of sound and attenuation of the solution

as a function of the frequency. These measurements are

compared to a model to infer some of the physical properties

of the mixture that enter the model as parameters. The first

problem is the modeling of the scattering of the incident

wave by a particle. For large spherical particles and an inci-

dent plane wave, the solution in linear regime is provided

by the so-called ECAH theory2,3 (named after its authors

Epstein, Carhart, Allegra, and Hawley). The second problem

comes from the multiple scattering that must be taken into

account.4 When the solution is sufficiently dilute, the inde-

pendent scattering approximation is used.5 An alternative

approach is the coupled phase theory6 that provides disper-

sion relation for small spherical particles. All these works

are related to the characterization of mixture and are con-

cerned by the linear response of the particles only. The

acoustical behavior of suspensions is also of interest for

medical applications for which contrast agents are devel-

oped. In this last case, the scattering particle is an elastic

spherical shell with gaseous core. Even for diagnostic, the

nonlinear response of the scatterer is crucial to the applica-

tion and the dilatational mode is dominant. To mitigate

this difficulty, models based on different versions of the

Rayleigh–Plesset equation were developed.7 However, the

therapeutic applications of gaseous contrast agents are lim-

ited by their micrometric size that prevents extravasation

and their short lifetime that strongly hinders the possibility

of targeting specific tissue.8 New kinds of contrast agents are

under development,9–11 with radii around hundred nano-

meters, a liquid core and a relatively thick shell made of

either polymers or surfactants. New models are therefore

needed for the acoustical behavior of these objects. A previ-

ous model12 for monodisperse suspensions is based on a

coupled phase theory combining Church’s model13 for the

dilatational mode and Fax�en formula14,15 for the viscous-

inertial translational mode. These two modes were found of

comparable amplitude for these contrast agents. Here we

extend the range of validity of this model, first by modifying

Church’s model to take into account the compressibility of

the shell, and second by modeling the double polydispersity

both in particle size and shell thickness. In Sec. II, the equa-

tions governing the radial motion of one single particle

excited by an external pressure field are derived. These equa-

tions are a generalization of the Rayleigh–Plesset equation

for a viscoelastic compressible shell in a slightly compressi-

ble liquid. The effect of the shell compressibility is captured

in a single parameter whose dependence with frequency and
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shell properties is studied (Sec. III). Then, the balance equa-

tions accounting for the polydispersity of the particles are

given (Sec. IV) and the linear dispersion relation for a

harmonic plane wave is obtained (Sec. V). The effects of

compressibility and polydispersity are quantified in Sec. VI

through the dispersion and absorption curves provided for

nanometric encapsulated droplets, as well as for standard

gas-filled contrast agents.

II. DYNAMICS OF THE PARTICLE

The particle (Fig. 1) is constituted of a shell with inner ra-

dius R1 and outer radius R2 containing a liquid or solid core of

mass density qc and speed of sound cc (compression waves).

The shell is immersed into a compressible, Newtonian fluid,

with mass density q, speed of sound c, shear viscosity l, and

bulk viscosity f.

A. Surrounding fluid

The model is restricted to the case of incident acoustic

waves such that the acoustic wavelength in the ambient

liquid is very large compared to the radius of the particle, a

very well satisfied assumption for particles of nano or micro-

metric size and for medical ultrasound frequencies

(1–10 MHz). In these conditions, the ambient liquid may be

considered as almost incompressible in a layer close to the

particle. This situation is the one encountered in the deriva-

tion of Rayleigh–Plesset equations for gas bubbles in a liq-

uid. Here we use the Keller–Kolodner equation16 which

accommodates for weak compressibility of the ambient fluid

(dot denotes time derivative):

R2
€R2 1�

_R2

c

� �
þ 3

2
_R

2

2 1�
_R2

3c

� �

¼ 1þ
_R2

c

� �
H þ R2

c
_H ; (1)

where the function HðtÞ is given by

HðtÞ ¼ 1

q
pðR2Þ � p1½ �: (2)

These equations require to know the pressures at both

boundaries, i.e., the pressure p in the liquid at the outer inter-

face r ¼ R2, and the pressure p1 far from the particle. For

this last one, at a distance comparable to the wavelength, the

ambient liquid is weakly compressible and the pressure p1
is simply the sum of the ambient pressure p0 and the acoustic

pressure. Then, only the pressure at the particle outer inter-

face is needed to close the model.

Another equivalent convenient form of this equation is

obtained using once again the assumption of weak compres-

sibility of the ambient liquid. At first order (incompressible)

H ¼ R2
€R2 þ 3 _R

2

2=2, and substituting this into Eq. (1)

yields17,18
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B. Radial velocity in the particle

We consider spherical deformations with radial velocity

vc; s ¼ vc; sðrÞer, where r is the radial coordinate and where

indices c and s relate to the core and to the shell, respec-

tively. Moreover, the size of the particle being much smaller

than the acoustic wavelength, the densities qc; s can be

considered as spatially uniform in the particle. Therefore,

the conservation of mass in the particle yields

1

r2

@ r2vc; sð Þ
@r

¼ � 1

qc; s

@qc; s

@t
¼ � _qc; s

qc; s
: (4)

Because there are no matter exchanges between the

shell and its surroundings, the total mass of each medium

mc; s ¼ qc; sVc; s does not vary with time so that

� _qc; s

qc; s
¼

_V
c; s

Vc; s
¼ 3 _A

c; s
; (5)

where _A
c; s

is a function of time only. Integrating Eq. (4)

with the help of Eq. (5) leads to the following expression for

the velocity fields in the shell and in the core:

vc; s ¼ r _A
c; s þ

_B
c; s

r2
: (6)

Equation (6) is the general expression for a quasi-static

velocity field with spherical symmetry. Such expression is

recovered because the size of the particle is much smaller

than the acoustic wavelength. From Eq. (5), functions _A
c; s

are easily computed,

_A
s ¼ R2

2
_R2 � R2

1
_R1

R3
2 � R3

1

; (7)

_A
c ¼

_R1

R1

: (8)

Functions _B
c; s

are determined on the one hand, from the

boundary conditions vsðR2Þ ¼ _R2 for the normal velocity atFIG. 1. Schematic drawing of one encapsulated droplet.
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the outer interface and, on the other hand, from the condition

that the velocity at center vcðr ¼ 0Þ should remain finite and

even cancel by symmetry,

_B
s ¼ R2

1R2
2ðR2

_R1 � R1
_R2Þ

R3
2 � R3

1

; (9)

_B
c ¼ 0: (10)

Note that the derivation of Rayleigh–Plesset equation is

based on the same procedure applied to the embedding liquid.

In this well-known case,19 starting from the quasi-static hy-

pothesis, Eq. (6), and requiring a finite velocity at infinity

leads to _A ¼ 0. This is equivalent to the assumption of

incompressibility, i.e., _V
c; s ¼ 0. Then as above, the constant

_B ¼ R2
2

_R2 is fixed by the continuity of the normal velocity at

r ¼ R2. The same idea was followed by Church13 but he also

used the incompressible hypothesis for the shell leading to
_A

s ¼ 0. This last hypothesis is more restrictive than uniform-

ity of density or pressure used in Eq. (4) which is valid as

long as the dynamics is slow compared to the speed of sound

inside the particle. While incompressibility is a valid assump-

tion for thin walled bubble, we will see that this is not true

for thick shells or for a shell and a core with comparable

compressibilities. This last situation is the one encountered in

nanometric contrast agents that are the subject of this work.

C. Stresses in the particle

We assume that the materials of the shell and of the core

behave as viscoelastic isotropic materials following an

instantaneously relaxing rheology of the Kelvin–Voigt type.

In this linear approximation for constitutive laws of the shell

material, and due to the spherical symmetry and to the radial

motion of the particle, the normal stress,

rs; c
rr ðr; tÞ ¼ �s; c

rr ðr; tÞ þ ss; c
rr ðr; tÞ; (11)

is written as the sum of an elastic part �s; c
rr and a viscous part

ss; c
rr , respectively related to the normal displacement us; c and

velocity vs; c,

�s; c
rr ðr; tÞ ¼ Ks; c @us; c

@r
þ 2us; c

r

� �

þ 4

3
Gs; c @us; c

@r
� us; c

r

� �
; (12a)

ss; c
rr ðr; tÞ ¼ fs; c @vs; c

@r
þ 2vs; c

r

� �

þ 4

3
ls; c @vs; c

@r
� vs; c

r

� �
: (12b)

In Eqs. (12), Ks; c and Gs; c are instantaneous bulk and

shear moduli and fs; c and ls; c are bulk and shear viscosities,

respectively. Replacing Eq. (6) for the velocity field in

Eq. (12b) directly yields the expression of the viscous part of

the stress tensor ss; c
rr ;

ss; c
rr ðr; tÞ ¼ 3fs; c _A

s; c � 4ls; c
_B

s; c

r3
: (13)

Noting the similarity between the expression of the vis-

cous and elastic stress, Eqs. (12), the time derivative of the

elastic stress is easily obtained,

@�s; c
rr ðr; tÞ
@t

¼ 3Ks; c _A
s; c � 4Gs; c

_B
s; c

r3
: (14)

It is interesting to note that the bulk contributions are

uniform as expected from the quasi-static assumption. It is worth

noting that because an analytical expression of the integral of _B
s

cannot be found, we are not able to derive an explicit expression

of the elastic stress valid everywhere in the shell. Nevertheless, it

can be easily demonstrated that _B
s

may be written from Eq. (9)

under the two following equivalent forms:

3 _B
s ¼ d

dt
R3
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2 � R3
1
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: (15b)

Thus, the last term appearing in the right-hand side of

Eq. (14) is expressed at both interfaces from Eqs. (15):
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3

d

dt
ln

R3
2 � R3

1

R3
2

 !" #
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The integration of Eqs. (16) is straightforward and the elastic

stresses at both interfaces are then obtained,

�s
rrðR1Þ¼Ks ln R3

2�R3
1

� �
þ4

3
Gs ln

R3
2�R3

1

R3
1

 !
þCs

1; (17a)

�s
rrðR2Þ¼Ks ln R3
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3
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R3
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1

R3
2

 !
þCs

2; (17b)

�c
rrðrÞ ¼ Kc lnðR3

1Þ þ Cc
1; (17c)

where Cs
1, Cs

2, and Cc
1 are arbitrary constants which can be

determined by the interfacial stresses at the static equilibrium.

In the following, we do not consider any prestressed configu-

ration and we neglect the effects of surface tensions. For the

investigated nanodroplets,9–11 surface tensions values are

unknown. For typical values around 0:1 N m�1, their influ-

ence is at least one order of magnitude smaller than elasticity

and has been shown to simply increase the shell rigidity.12

Therefore at equilibrium, R1 ¼ R10, R2 ¼ R20, _R1 ¼ _R2 ¼ 0,

and the stress is given by ambient pressure p0. Thus setting,

the expressions of the normal stresses at each interface are

rs
rrðR1Þ ¼ � p0 þ Ks ln

R3
2 � R3

1

R3
20 � R3

10

 !

þ 4

3
Gs ln

R3
10

R3
1

R3
2 � R3

1

R3
20 � R3

10

 !
þ 3fs _A

s � 4ls
_B

s

R3
1

;

(18a)
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R3
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R3
10

 !
þ 3fc _A

c
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It is worth noting that, for the core, the shear moduli play

no role and the elastic medium can be considered as a fluid. In

this particular case and in the framework of linear oscillations,

it is convenient to introduce the speed of sound of bulk waves

in the core, so that Kc ¼ qccc2. Note also that in the case of

an incompressible shell, the function _A
s

is zero and one has

R3
2 � R3

1 ¼ R3
20 � R3

10, thus leading to expressions for the nor-

mal stresses which depend only on the shear moduli.

D. Generalized Rayleigh–Plesset equations

Since the divergence of the viscous tensor vanishes

for spherical radial particle velocity in an incompressible me-

dium, the Navier–Stokes equation reduces to the Euler equa-

tion. Therefore viscosity does not appear in Eq. (3). However,

the viscous stress tensor is needed to write the stress continu-

ity at the interface. The viscous stress in the surrounding liq-

uid is the classic one in the context of Rayleigh–Plesset

equation; it can be re-derived here with Eq. (13) and _A ¼ 0,
_B ¼ R2

2
_R2. Neglecting the surface tensions, the continuity of

normal stresses at interfaces is thus written as

�pðR2Þ � 4l
_R2

R2

¼ rs
rrðR2Þ; (19a)

rs
rrðR1Þ ¼ rc

rrðR1Þ: (19b)

The system of equation is now closed, and finally,

replacing Eqs. (19) in Eq. (3) leads to a set of two coupled

differential equations governing the radial motion of the

compressible particle,
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�
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where we noted Ms ¼ Ks þ 4=3Gs the longitudinal modulus

in the shell material

The system of Eqs. (20) is a generalization of Church’s

model, taking into account shell compressibility. It is the

main result of the present work. Let us recall that surface

tension terms and inertial effects of the shell are neglected

here. The absence of shell inertia comes from the lineariza-

tion of the equation of continuity, Eq. (4). Smallness of shell

inertia was justified in Ref. 12 for nano-droplets. Because we

did not consider any pre-stressed equilibrium of the particle,

the equilibrium radius R1eq, introduced by Church as the

inner radius of the unconstrained particle,13 does not appear

in Eqs. (20).

III. INFLUENCE OF SHELL COMPRESSIBILITY

A. Linearization

The derivation of an analytical solution for the

dynamics of the particle is of interest for comparing theory

with measurements of speed of sound and attenuation

by acoustic spectroscopy.20 In the framework of linear

ultrasound propagation, one now assumes that the oscilla-

tions due to the external pressure field are of low ampli-

tude, so that any quantity qðtÞ is written qðtÞ ¼ q0 þ qaðtÞ
with index 0 for static values independent of time and

space, and index a for acoustical perturbations. Eqs. (20)

governing the radial motion of the particle become, after

linearization,

pa ¼� q0R2
20 €r2a �

R20

c
&r2a

� �
� 3Kc þ 4Gsð Þ r1a � 3fc _r1a þ 4Gsð Þr2a

� 4l _r2a � 4lsð _r1a � _r2aÞ; (21a)

0 ¼ 3Kc þ 4Gsð Þ r1a þ 3fc _r1a � 3Ms V20r2a � V10r1a

VS0

� 3fs V20 _r2a � V10 _r1a

VS0

þ 4ls V20

VS0

ð _r1a � _r2aÞ; (21b)

where we have set the dimensionless variables r1aðtÞ
¼ R1aðtÞ=R10 and r2aðtÞ ¼ R2aðtÞ=R20, and where V10

¼ 4pR3
10=3, V20 ¼ 4pR3

20=3, and VS0 ¼ V20 � V10 are the

volumes of the core, of the particle, and of the shell at rest,

respectively. In the particular case of an harmonic excitation,

any component qa of the acoustic field ðpa; r1a; r2aÞ is writ-

ten qa ¼ q̂a exp½�ixt� with x ¼ 2pf the angular frequency.

Equations (21) then reduce to

p̂a ¼ q0R2
20x

2 1þ ix
R20

c

� �
þ 4 ~G

s þ 4ixl

� 	
r̂2a

� 3 ~K
c þ 4 ~G

s
� �

r̂1a; (22a)

0 ¼ 3 ~K
c þ 4 ~G

s
� �

r̂1a � 3 ~M
s V20r̂2a � V10r̂1a

VS0

: (22b)

Here we have introduced the complex dynamical

moduli

~K
s ¼ Ks � ixfs; (23a)
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~G
s ¼ Gs � ixls; (23b)

~K
c ¼ Kc � ixfc; (23c)

which take into account the viscoelastic behavior of the shell

and of the core, and where ~M
s ¼ ~K

s þ 4 ~G
s
=3.

Equation (22b) gives the relation between the inner and

outer radius and can be written equivalently

r̂2a

r̂1a

V20

V10

¼ 1þ VS0

V10

~K
cþ 4

3
~G

s

~M
s � 1þ v: (24)

In the case of an incompressible shell,13 this equation is

replaced by the condition of incompressibility R2
1

_R1 ¼ R2
2

_R2.

One can notably point out that in the linear harmonic regime,

this condition reduces to r̂2a=r̂1a ¼ V10=V20, so Eq. (24)

reduces to v ¼ 0. The hypothesis of incompressibility is thus

valid in two cases. The first one is the case of a thin shell

(VS0 � V10), assuming the ratio of material properties ð ~K
c

þ 4 ~G
s
=3Þ= ~M

s
is of order 1. In particular one can note that

for a particle entirely filled by the shell material and without

core (V10 ¼ 0), the incompressible assumption breaks down,

leading to a mathematical singularity. The second one is

the case of a soft shell material ( ~G
s� ~K

s
) with a core

much more compressible than the shell ( ~K
c � ~K

s
). Finally,

reporting Eq. (24) in Eq. (22a) allows one to derive the rela-

tion between the acoustic pressure and the outer radius

p̂a ¼ CðxÞR̂2a with

CðxÞ ¼x2q0R20 1þ ix
R20

c

� �
� 3

~K
c

R20

ð1þ gÞ3

1þ v

� 4
~G

s

R20

ð1þ gÞ3

1þ v
� 1

 !
þ 4i

x
R20

l; (25)

where g ¼ h0=R10 is the ratio of the shell thickness h0 ¼ R20

�R10 to the inner radius. One can note that for an incom-

pressible shell, thus setting v ¼ 0, this solution is equivalent

to that given by Eq. (19) in Ref. 12 when one neglects sur-

face tensions and inertia of the shell.

B. Quantification of compressibility effects

As the effect of the shell compressibility is entirely

included in the function vðxÞ, its study may be of particular

interest at this point. One can notably observe that the quantity

V10

VS0

v ¼
~K

c þ 4

3
~G

s

~M
s (26)

behaves similarly to a Zener type rheological model,

V10

VS0

v ¼ b0 � ixsch

b1
1� ixsch

; (27)

defined by the characteristic time

sch ¼
1

2pfch

¼
fs þ 4

3
ls

Ks þ 4

3
Gs
; (28)

the low frequency ratio of elastic moduli,

b0 ¼
Kc þ 4

3
Gs

Ks þ 4

3
Gs
; (29)

and the high frequency ratio of viscous moduli,

b0 þ b1 ¼
1þ 3

4

fc

ls

1þ 3

4

fs

ls

: (30)

In order to illustrate this point, we consider a particle

close to nanometric medical contrast agents, and we simplify

the analysis by setting VS0 ¼ V10 (h0=R20 ’ 0:2). The core is

liquid perfluorooctyl bromide (PFOB) characterized21 by

its density qc ¼ 1918 kg m�3 and speed of sound

cc ¼ 624 m s�1, so that Kc ’ 0:75 GPa; the bulk viscosity of

PFOB is fc ¼ 5� 10�3 Pa s. The shell parameters are cho-

sen in the range of those of typical biocompatible polymers

such as poly(lactid-co-glycolid) acid (PLGA):12 Gs¼ 1 GPa,

Ks¼ 6.4 GPa, ls¼ 1 Pa s, which give a speed of sound for

longitudinal waves VL ’ 2400 m s�1, in agreement with

measurements.22

Figure 2 presents the quantity v as function of the fre-

quency, and for three values of the bulk viscosity fs of

the shell around the critical value fs
crit ’ 4 Pa s. The latter cor-

responds to the particular case for which the effect of shell

compressibility becomes independent of frequency (b1 ¼ 0),

i.e., when the viscous and elastic properties verify the relation

fs
crit ¼

fc Ks þ 4

3
Gs

� 	
þ 4

3
ls Ks � Kc½ �

Kc þ 4

3
Gs

: (31)

One can clearly observe that the shell compressibility

introduces an apparent “relaxing” behavior, even though no

FIG. 2. (Color online) Real (—) and imaginary (��) parts of the function

vðxÞ for three values of the bulk viscosity fs: fs=fs
crit¼ 0.5 (�), fs=fs

crit¼ 1

(�), and fs=fs
crit¼ 2 (�), where fs

crit is the critical value defined by Eq. (31).

The frequency is normalized with the characteristic frequency of the com-

pressible shell.
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relaxation model has been considered for the rheology of the

shell. As discussed previously, the function v is the product

of the shell to core volumes ratio VS0=V10 with a frequency-

dependent complex quantity comparable with a relaxing

Zener modulus. This means that in low- and high-frequency

asymptotic cases – relative to the characteristic frequency

fch ¼ 1=ð2pschÞ, v is purely real. Obviously, for these two

limiting cases, v does not necessarily converge towards

0, but towards a finite value which depends on the shell

thickness and on the viscoelastic properties. Because

we restrained our study to the case of a viscoelastic

Kelvin–Voigt model for the shell, the low-frequency behav-

ior of v is governed by the elastic properties of the particles,

while the viscous ones govern the high-frequency limit case.

For example, in Fig. 2, as v is obtained for different values

of the bulk viscosity fs of the shell, its real part is only

affected for high frequencies. Around the characteristic fre-

quency, both elasticity and viscosity affect the function v,

notably the imaginary part which reaches an extremum. The

curves denoted by a diamond (�) represent the particular

case fs ¼ fs
crit for which low- and high-frequency limit

values are the same, and a relaxation effect is not observed

anymore. If fs > fs
crit (�), the shell will be closer to the

incompressible case above rather than below the characteris-

tic frequency. If fs < fs
crit (�), the opposite behavior is

obtained and the effect of compressible shell will be stronger

above fch.

The results illustrated by Fig. 2 show that taking into

account the compressibility introduces an apparent relaxing

behavior of the shell. As PLGA is known to be a glassy poly-

mer,23 it hence becomes naturally interesting to study how a

relaxing rheological model for the viscoelastic shell can

affect the dynamics of the particle. Because the equations

are derived in the linear harmonic approximation, introduc-

ing a rheological behavior of the Zener type for the shell is

quite straightforward and simply consists in replacing the

dynamical moduli Eq. (23a) and Eq. (23b) by the following

expressions:24

~K
s ¼ Ks � ixss Ks

1
1� ixss

; (32a)

~G
s ¼ Gs � ixss Gs

1
1� ixss

; (32b)

where ss is the relaxation time of the shell material.

Replacing Eqs. (32) into Eq. (26) then leads to a new form

of Eq. (27) which becomes

V10

VS0

v ¼b0 � ixs0ch

b01
1� ixs0ch

� x2 fc

1� ixs0ch

ss

Ks þ 4

3
Gs

0
@

1
A; (33)

with s0ch ¼ sch þ ss and b01 ¼ ½sch=ðsch þ ssÞ�b1. This new

expression for v is plotted in Fig. 3 for two values of the

relaxation time ss. The last term in Eq. (33) is due to the vis-

cosity of the core and has an effect essentially on the imagi-

nary part of v at high frequencies; this term vanishes if we

neglect the bulk viscosity of the core. This latter put aside,

Eq. (33) has the same form as Eq. (27). Moreover, the low-

frequency elastic term b0 is not modified. However, taking

into account relaxation for the shell material reduces the

characteristic frequency and the high-frequency asymptotic

value of v. On the one hand, when the relaxation frequency

of the shell material is very large (ss � sch), then b01 ! b1
and s0ch ! sch and one recovers Eq. (27) obtained for the

Kelvin–Voigt model. On the other hand, when the relaxation

frequency of the shell material is sufficiently low (ss � sch),

then b01 ! 0 and s0ch ! ss, so that the shell rheology over-

comes the apparent relaxation of the compressible shell.

IV. BALANCE EQUATIONS FOR POLYDISPERSE
SOLUTIONS

The equations derived in the previous section are those

of the generalized Church’s model for a droplet encapsulated

by a compressible shell. When replaced into the model

described in Ref. 12, these equations—and especially

Eq. (25)—describe the propagation of a harmonic plane

wave in a monodisperse solution of particles. In the present

section, this model is reformulated in order to take into

account the polydispersity both in particle size and shell

thickness. The suspension is constituted of two phases,

namely, the particles whose dynamics have been derived

beforehand, and the ambient fluid. The average fluid phase

field satisfies the balance equations of mass and momentum,

@

@t
½ð1� UÞq� þ r � ½ð1� UÞqv� ¼ 0; (34a)

ð1� UÞq @v

@t
þ ðv � rÞv

� 	
�r � rl ¼ �f; (34b)

where the specific mass of the fluid is weighted by the fluid

volume fraction 1� U. Here Uðx; tÞ denotes the local vol-

ume fraction of particles and �fðx; tÞ is the total force per

unit volume exerted by all particles onto the fluid phase. The

stress tensor rl in the liquid is

FIG. 3. (Color online) Effect of a rheological Zener model on the real (—)

and imaginary (- -) parts of the function vðxÞ. The frequency is normalized

with the characteristic frequency fch. The results obtained for a

Kelvin–Voigt model are represented by �. The symbols � and � are for

the Zener model, with ss ¼ sch and ss ¼ 10sch, respectively.
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rl ¼ �pþ f� 2

3
l

� �
r � v

� 	
Iþ 2lD; (35)

with I the unit tensor and D the rate-of-strain tensor. Bulk

(f) and shear (l) viscosities may be modified by the presence

of particles but, in the dilute case, they are almost identical

to those of the pure fluid phase.

A nanodroplet at position x and time t is characterized

by its inner radius R1ðx; tÞ and outer radius R2ðx; tÞ, whose

dynamics have been described in the previous section. We

assume that, in the static case with no acoustic field, droplets

have a distribution in both size and thickness. We note by

a ¼ ðR10; R20Þ the two values of the inner and outer static

radii for a given droplet, and by nða; x; tÞ the number of par-

ticles per unit volume at point x and time t, whose static geo-

metrical parameters are within the range a ¼ ðR10; R20Þ and

aþ da ¼ ðR10 þ dR10; R20 þ dR20Þ. The suspension is

assumed to be homogeneous, so that the static distribution

function n0ðaÞ is independent of space. The total volume of

a droplet is V2ða; x; tÞ ¼ 4
3
pR3

2, its outer surface S2ða; x; tÞ
¼ 4pR2

2, and its mass is mPðaÞ ¼ 4
3
p qcR3

1 þ qsðR3
2 � R3

1Þ
� �

.

Each droplet is assumed to be impermeable, hence mPðaÞ
is independent on time and space. Droplet density is

qPða; x; tÞ ¼ mPðaÞ=V2ða; x; tÞ, where V2ða; x; tÞ is the

volume of the particle. The volume fraction of particles is

Uðx; tÞ ¼
ð ð

nða; x; tÞV2ða; x; tÞda: (36)

The number of particles characterized by parameters a

is constant, hence there is no droplet fragmentation or

coalescence,

@nða; x; tÞ
@t

þr:½nða; x; tÞvPða; x; tÞ� ¼ 0; (37)

so that the number nða; x; tÞ of particles characterized by pa-

rameters a per unit volume evolves only because of the flow

of particles in and out of the considered volume at the parti-

cle velocity vPða; x; tÞ. We denote by Fða; x; tÞ the force

exerted by the fluid onto a single particle characterized by

geometrical parameters a:

mPðaÞ
@

@t
þðvPða; x; tÞ:rÞ

� 	
vPða; x; tÞ¼Fða; x; tÞ: (38)

The total force per unit volume exerted by the fluid onto

the ensemble of particles is therefore

fðx; tÞ ¼
ð ð

nðaÞFða; x; tÞda: (39)

In the linear acoustic approximation, any quantity

qða; x; tÞ is written qða; x; tÞ ¼ q0ðaÞ þ qaða; x; tÞ. At static

equilibrium, the medium is homogeneous and q0ðaÞ is inde-

pendent on space. There is also no ambient flow motion so

that v0 ¼ vP0 ¼ 0 (in order to simplify the notations, v and

vP will denote the acoustic velocities in the fluid and droplet

phases). After linearization, mass and momentum balance

equations (34) get

ð1� U0Þ
@qa

@t
þ q0r:v

� �
¼ q0

@Ua

@t
; (40a)

ð1� U0Þq0

@v

@t
þrpa

¼ f� 2

3
l

� �
r r:vð Þ þ 2lr � Da �

ð ð
n0ðaÞFda:

(40b)

Linearization of Eqs. (36)–(38) yields

@Ua

@t
¼
ðð

@naðaÞ
@t

V20ðaÞþn0ðaÞ4pR2
20

@R2a

@t

� 	
da; (41a)

@nðaÞ
@t
¼ �n0ðaÞr � vPðaÞ; (41b)

mPðaÞ
@vP

@t
¼ F: (41c)

For a compressible fluid in adiabatic evolution, the state

equation can be linearized as pa ¼ c2qa: this amounts to

neglect thermal effects on sound propagation in the fluid,

which are proportional to c� 1, where c is the ratio of spe-

cific heats at constant pressure and volume. For water, this

ratio is extremely close to one, hence that approximation is

well satisfied. Eliminating variables qa, na, and Ua one

obtains the following system of seven equations and seven

unknowns ðpa; v; vPÞ, where the mass balance equation for

the fluid phase Eq. (40a) is

ð1� U0Þ
@pa

@t
þ q0c2r � v

� �

¼ q0c2

ð ð
n0ðaÞ 4pR2

20

@R2a

@t
� V20ðaÞr � vPðaÞ

� 	
da:

(42)

It is complemented by the momentum equations for the

fluid and droplet [Eqs. (40b)–(41c)] phases. For a monodisperse

suspension with particles of single radii a0 ¼ ðhR10i; hR20iÞ,
one has n0ðaÞ ¼ n0dða� a0Þ with d the two-dimensional

Dirac distribution. Then one recovers Eqs. (8)–(10) of

Ref. 12.

The force exerted by the fluid phase on a single particle

in the linear regime is given by the Fax�en formula14,15

F ¼ 6pR20lðv� vPÞ

þ 6R2
20

ffiffiffiffiffiffiffiffiffiffi
pq0l
p ðt

�1

@

@t0
ðv� vPÞ

dt0ffiffiffiffiffiffiffiffiffiffi
t� t0
p

þ 2

3
pR3

20q0

@

@t
ðv� vPÞ þ

4

3
pR3

20 q0

@v

@t
; (43)

which is independent on the droplet shell thickness R10.

V. DISPERSION RELATION

The dispersion relation for an acoustic wave propagat-

ing in such a medium can now be computed. Longitudinal

waves are considered, for which the velocity and force fields
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ðv; vP; FÞ ¼ ðv; vP; FÞx are parallel to the direction x of

wave propagation. Any component qa of the acoustic field

ðpa; v; vP; R1a; R2a; FÞ is written qa ¼ q̂a exp½iðkx� xtÞ�
with k the wavenumber.

The Fourier transform of Eq. (43) yields

F̂ða; x; xÞ ¼FAða; xÞv̂ðx; xÞ
þ FBða; xÞ½v̂ðx; xÞ � v̂Pða; x; xÞ�; (44a)

FAða; xÞ ¼ � 4

3
pR3

20q0ix; (44b)

FBða; xÞ ¼ 6pR20lþ 3p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2q0lx

p
R2

20ð1� iÞ

� 2

3
pR3

20q0ix: (44c)

By noting that FAða; xÞ ¼ �ixmPðaÞ=rPðaÞ, where rPðaÞ
¼ qP0ðaÞ=q0, Eq. (41c) for particle motion simplifies into

v̂Pða; x; xÞ ¼ FAða; xÞ þ FBða; xÞ
FBða; xÞ þ rPðaÞFAða; xÞ v̂ða; x; xÞ

¼ Wða; xÞv̂ða; x; xÞ; (45)

so that

F̂ða; xÞ ¼ �ixmPðaÞWða; xÞv̂ðx; xÞ: (46)

The momentum balance equation Eq. (40b) reduces to

kp̂a¼ x ð1�U0Þq0þqAðxÞ½ �þ 4

3
lþ f

� �
ik2

� 	
v̂: (47)

Here,

qAðxÞ ¼
ð ð

n0ðaÞmPðaÞWða; xÞda (48)

is an apparent complex and frequency-dependent density

associated to the droplets motion relative to the ambient fluid

that adds to the ambient fluid density and modifies the im-

pedance relation (47) between the pressure and velocity

fields. The mass balance Eq. (42) reduces to

ð1� U0Þ � q0c2

ð ð
n0ðaÞS20ðaÞC�1ða; xÞda

� 	
p̂a

¼ q0c2 k

x
ð1� U0Þ þ

ð ð
n0ðaÞV20ðaÞWða; xÞda

� 	
v̂;

(49)

where C is given by Eq. (25). Combining Eqs. (47) and (49)

finally leads to the dispersion relation

k

k	

� �2

¼ 1�U0

1� ixsV
1�D

1þ T

0
@

1
A 1�Dð Þ 1þ rT

1þ T

� �
; (50)

with k	 ¼ x=c the wave number in the ambient fluid with no

particle, and

sV ¼
1

q0c2
fþ 4

3
l

� �
; (51a)

TðxÞ ¼ 1

1� U0

ð ð
n0ðaÞV20ðaÞWða; xÞda; (51b)

rðxÞ ¼ qAðxÞ
ð1� U0Þq0TðxÞ ; (51c)

DðxÞ ¼ q0c2

1� U0

ð ð
n0ðaÞS20ðaÞ

Cða; xÞ da: (51d)

In Eq. (50), sV is the characteristic time measuring bulk

absorption of sound in the ambient fluid. Translational

effects due to the visco-inertial Fax�en forces exerted on the

particles (considered as almost rigid) are described by coeffi-

cients T and r. Dilatational effects due to the change of parti-

cle volume are described by coefficient D. As expected, in

the dilute approximation, all three terms are proportional to

the particle volume fraction U0 ¼ n0V0. In the case of pure

ambient fluid (U0 ¼ T ¼ D ¼ 0), and in the considered

frequency range where xsV � 1, one recovers the usual dis-

persion relation in a viscous fluid k ¼ k	 þ ix2sV=2c.

Equation (50) is valid in general for any dilute suspen-

sion of polydispersed liquid droplets or gaseous bubbles

encapsulated with a viscoelastic shell. It combines simulta-

neously the translational motion of the particles induced by

visco-inertial coupling with the ambient fluid (described

by the T and r terms), and the dilatational deformation of

the particles due to the shell visco-elasticity and to core

compressibility (described by the D term). It recovers the

Church’s model13 for encapsulated contrast agents,

Commander and Prosperetti’s model25 for bubbly liquids

(with thermal effects neglected). Through the translational

part, it also recovers previous models for rigid26 and deform-

able12 particles.

VI. RESULTS

In order to validate the model for ultrasonic agents

potentially used for medical drug delivery, the simulations

are performed for a suspension of liquid PFOB droplets

encapsulated by a shell of biocompatible polymer, with a

volume fraction of 1%. At rest, one particle is characterized

by its outer radius R20¼ 100 nm. The shell thickness to outer

radius ratio h0=R20¼ 0.25 is around measured typical val-

ues.9 The ambient fluid is pure water. Some parameters of

the shell are fixed equal to those used in a previous study,12

namely, its specific mass qs ¼ 1350 kg m�3 and shear vis-

cosity ls¼ 1 Pa s.

A. Effect of the shell compressibility

In Figs. 4 and 5, the phase velocity c/ ¼ x=<ðkÞ and

the absorption coefficient a ¼ =ðkÞ—where <ð� � �Þ and

=ð� � �Þ denote the real and imaginary parts of a complex

number, respectively—are calculated for several values of

the viscoelastic parameters of the shell. The frequency range

is limited to [1–100] MHz, including medical range.

In Fig. 4, computations are made for a quite low shear

modulus Gs¼ 300 MPa relative to bulk modulus Ks¼ 7.4 GPa,

thus corresponding to a critical value fs
crit¼ 7.7 Pa s, according

to Eq. (31), and to a Poisson ratio �¼ 0.48 (close to the
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incompressible limit �¼ 0.5). The results corresponding to

ratios fs=fs
crit¼ 0.1 (�), fs=fs

crit¼ 1 (�), fs=fs
crit¼ 2 (�), and

fs=fs
crit¼ 10 (�) are compared with those obtained for an

incompressible shell (dashed lines), thus setting v ¼ 0 in

Eq. (25). Independently of the frequency, taking into account

the compressibility of the shell leads to a lower phase velocity

than in the incompressible case since the particle becomes less

rigid. The elastic properties being the same for the four cases,

the low-frequency values for speed of sound c/ and absorption

a thus converge towards the same limits for the four curves.

When the bulk viscosity is fixed to 10 times the critical value

(�), the dispersion curve for the compressible shell shows a

large difference with the incompressible case (black dashed

line) below the characteristic frequency but converge towards

it for highest frequencies: we are typically in the same condi-

tions as the � curve presented in Fig. 2. Moreover, decreasing

the bulk viscosity leads to a rise of the transition frequency.

The results obtained for fs=fs
crit¼ 0.1 and fs=fs

crit¼ 1 are of

particular interest because the characteristic frequency becomes

so high that it is not visible on the frequency range. For both

cases, the whole shift of the dispersion curve relative to the

incompressible shell case is essentially due to the elasticity of

the shell and a relaxation behavior is not observable anymore.

It is also important to point out that for the first case, since

fs=fs
crit < 1, the function v is characterized by a negative imag-

inary part (see the � curve presented in Fig. 2), which explains

why the absorption is lower for the compressible shell than for

the incompressible case. On the other hand for the three other

cases, the absorption is higher for the compressible shell as

fs=fs
crit 
 1 and the dispersion curves become closer to the

incompressible shell as the bulk viscosity becomes larger.

The results given in Fig. 5 are similar to those in Fig. 4,

but with Gs¼ 3 GPa and Ks¼ 3.8 GPa (fs
crit¼ 0.86 Pa s,

�¼ 0.18), always keeping the longitudinal waves celerity

VL ¼ 2400 m s�1 constant, in agreement with measured data

for PLGA.22 Increasing the shear modulus while reducing

the bulk modulus has mainly two effects. First, it enlarges as

expected the effect of shell compressibility. On the disper-

sion curves, it results into a larger difference between the

compressible and incompressible cases, reaching almost

6 m s�1 at low frequencies. One can also observe that when

the Ks=Gs ratio decreases, the absorption coefficient gets

more sensitive to the value of the shell bulk viscosity.

Second, a larger shear modulus leads to an increase of the

characteristic frequency, resulting into a sound velocity

which is much less dispersive on our frequency range.

The effect of the shell thickness on the dispersion and

absorption is presented in Fig. 6 for incompressible (dashed

lines) and compressible (continuous lines) shells. The outer

radius of the particle remaining constant and fixed at

100 nm, the results are presented for three values of the ratio

h0=R20: 0.1 (�), 0.25 (�), and 0.4 (�), respectively. The

elastic parameters are Gs¼ 1 GPa and Ks¼ 6.4 GPa

(fs
crit¼ 3.7 Pa s, �¼ 0.43) and the bulk viscosity is fixed to

fs=fs
crit¼ 10. As expected, the higher the shell relative thick-

ness is, the more important is the role of the shell compressi-

bility. Because of the quite small value of the transition

frequency here, this effect is essentially observed for the low

frequencies.

B. Effect of the polydispersity

In order to study the effect of the polydispersity, the

outer radius R20 and the ratio of shell thickness over inner

FIG. 4. (Color online) Sound velocity (a) and absorption coefficient (b) for

Gs¼ 300 MPa, Ks ¼ 7.4 GPa, and for four values of the bulk viscosity fs. �:

fs=fs
crit¼ 0.1; �: fs=fs

crit¼ 1; �: fs=fs
crit¼ 2; �: fs=fs

crit¼ 10, with

fs
crit¼ 7.7 Pa s. Dashed line: incompressible shell. The vertical dotted lines

mark the location of the characteristic frequency fch for each case with the

same symbol code.

FIG. 5. (Color online) Sound velocity (a) and absorption coefficient (b) for

Gs¼ 3 GPa, Ks¼ 3.8 GPa, and for four values of the bulk viscosity fs. �:

fs=fs
crit¼ 0.1; �: fs=fs

crit¼ 1; �: fs=fs
crit¼ 2; �: fs=fs

crit¼ 10, with

fs
crit¼ 0.86 Pa s. Dashed line: incompressible shell. The vertical dotted lines

mark the location of the characteristic frequency fch for each case with the

same symbol code.
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radius g0 ¼ h0=R10 are supposed to be statistically distrib-

uted following log-normal laws around the mean values

given in Table I. Modes, median values and standard devia-

tions are also provided in this table. The speed of sound

within the polydisperse solution is presented as a continuous

line in Fig. 7. It is compared with the case of a monodisperse

solution (dashed line) calculated from the median values

R20¼ 138 nm and g0¼ 0.46 of the log-normal distributions.

These results show that the polydispersity has a very weak

effect on the speed of sound on the whole frequency range,

the largest difference being not more than 0:5 m s�1. We

have to point out that the effect on absorption is even weaker

and the difference between monodisperse and polydisperse

solutions is so small that absorption curves are not presented

here. Some results for polydispersity on the outer radius only

(g0¼ 0.46) and polydispersity on the shell thickness only

(R20¼ 138 nm) are also provided in Fig. 7 (dotted lines with

symbols). The change in the dispersion of the sound waves

seems to be mainly due to the polydispersity on the outer ra-

dius of the particle, the polydispersity on the shell thickness

being only responsible for a global decrease of the speed of

sound. It is also interesting to observe that at very low

frequencies, the polydispersity on the outer radius has no

effect and one recovers the monodisperse case. On the con-

trary, the polydispersity on the shell thickness leads to an as-

ymptotic value for the speed of sound which is lower than in

the monodisperse case, due to the associated dispersion of

particles masses.

C. Micrometric gas-filled particles

The results presented in Figs. 4–6 emphasize the role of

the shell compressibility in solutions of encapsulated liquid

nanodroplets. Indeed, for such objects, the compressibility

and the volume of the shell are of the same order of magni-

tude as those of the core. It is, however, of interest to investi-

gate larger encapsulated gaseous bubbles similar to standard

contrast agents in order to quantify the validity of the incom-

pressible hypothesis.

In this section, we consider a 1%-diluted solution of

micrometric air bubbles of outer radius R20¼ 10 lm and

encapsulated by a thin shell of thickness h0 ¼ R20 � R20

¼ 15 nm, similar to those investigated by Church in his pa-

per.13 The values of the shell material are qs ¼ 1100 kg m�3;

ls ¼ 5� 10�2 Pa s; Gs¼ 15, 88.8, and 150 MPa; and the

bulk modulus is fixed to Ks¼ 1 GPa. The bulk viscosity fs is

taken equal to the critical value defined by Eq. (31), there-

fore depending on the value of Gs.

Figure 8 gives the sound velocity and absorption coef-

ficient on the frequency range [1–100] MHz for the three

values of the shear modulus Gs given above. Compared

with the solutions of nanometric particles, larger particles

become resonant.25 One can notably observe that the com-

pressible behavior of the shell slightly decrease the reso-

nance frequency. Moreover, Fig. 8 shows that for large

bubbles and small values of Gs, the curves become practi-

cally superimposed, thus recovering Church’s model.13

This means that, while the compressibility of the shell is of

importance for droplets of nanometric size, its effect

remains very weak for larger gaseous particles. The incom-

pressibility assumption is thus valid in this case.

FIG. 6. (Color online) Sound velocity (a) and absorption coefficient (b) for

three values of the shell thickness. �: h0=R20¼ 0.1; �: h0=R20¼ 0.25; �:

h0=R20¼ 0.4. Solid/dashed lines: compressible/incompressible shell. The

vertical dotted line marks the location of the characteristic frequency fch.

FIG. 7. Effect of the polydispersity on the sound velocity. Continuous line:

double polydispersity on the outer radius R20 and on the ratio g0 ¼ h0=R10.

Dashed line: case of a monodisperse solution calculated from median values

of the log-normal distributions. �: polydispersity on the outer radius only;

�: polydispersity on the ratio g0 only.

TABLE I. Statistical parameters of the log-normal distribution laws for the

outer radius R20 and the ratio of shell thickness over inner radius

g0 ¼ h0=R10.

radius thickness

mode 100 nm 1/3

median 138 nm 0.46

mean 162 nm 0.54

std. deviation 100 nm 1/3
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VII. CONCLUSION

Nanometric encapsulated droplets for medical therapy

differ from standard ultrasound contrast agents by mainly

two characteristics. First, because of their size and their pro-

duction process, they generally present a thick shell, whose

volume is on the order of magnitude of the volume of the

inner droplet. Second, as their core is a liquid instead of a

gas, the particle becomes much less compressible and the

contrast of compressibility between the shell and the inner

droplet is considerably reduced. In a previous study,12 a

model for dilute suspensions of nanodroplets has been pro-

posed, which combines dilatational effects due to the radial

motion of one single particle and translational motion rela-

tive to the continuous liquid phase. In the present paper, we

proposed to extend this model by taking into account the

effect of the shell compressibility and the polydispersity in

size and shell thickness of the particles in the suspension.

The compressible behavior of the shell is introduced in the

equations governing the radial motion of the particle. The

shell is thus modeled as a viscoelastic material, as well as

the liquid core. Combining linear stress-strain relations with

appropriate boundary conditions allows one to derive a sys-

tem of two equations generalizing Rayleigh–Plesset equation

for a compressible encapsulated viscoelastic sphere sur-

rounded by a weakly compressible, Newtonian liquid. In the

framework of the linear harmonic acoustic propagation, the

compressibility induces an apparent “relaxing” behavior of

the shell with a transition frequency fch which is almost the

ratio of the viscosities over the elastic moduli, even though a

standard rheological Kelvin–Voigt model is assumed for the

shell material. Modifying the equations with a rheological

Zener model tends to reduce the dispersion due to compres-

sibility, depending on the value of the relaxation frequency

f s of the material relative to the transition frequency fch. The

effect of shell compressibility on the dispersion and absorp-

tion curves is therefore quite straightforward, reducing the

sound speed while increasing the absorption coefficient as a

whole, and inducing strong dispersion of ultrasound waves

as long as the transition frequency remains in the frequency

range considered. The shell thickness is also a significant

parameter, as the effect of the compressibility becomes

stronger as the shell becomes larger relative to the volume

of the inner core. On the other hand, little difference is

observed between the monodisperse and polydisperse solu-

tions, attesting that it is not the dominant effect inducing dis-

persion and absorption in suspensions of nanoparticles.

Finally, it may be important to point out that, while the shell

compressibility is of importance for nanometric liquid drop-

lets, it has a minor effect for micrometric gaseous bubbles,

for which the assumption of shell incompressibility remains

valid. Future works will investigate from a theoretical point

of view the influence of nonlinear shell elasticity.

Experiments are in progress27 and will be compared to the

present model.
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