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Propagation of coherent shear waves in scattering elastic media
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We measure the reflection and transmission of shear waves by slabs of random dispersions of hard, dense
spheres in a viscoelastic matrix. By modeling the slab as a Fabry-Pérot interferometer, we determine the effective
wave number of coherent shear waves in this scattering medium and its effective mass density. We evidence the
effect of the resonant rigid-body translation and rotation of the spheres on the propagation. We validate a vectorial
model of multiple scattering for volume fractions of spheres up to 10%, revealing the signature of two modes of
propagation.
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As known since the seminal work of Poisson [1], mechani-
cal waves propagating through bulk elastic materials are either
longitudinal, compressional waves (LWs) or transverse, shear
waves (SWs). Understanding their propagation in heteroge-
neous, scattering materials such as soils, concretes, bones,
or biological tissues is required for the development of seis-
mology, geological exploration, as well as ultrasound-based
nondestructive evaluation, biomedical imaging, and thera-
peutic techniques. In addition, the current development of
metamaterials dedicated to the control of elastic waves [2,3]
and seismic waves [4–7] makes the description of mechanical
wave propagation in strongly scattering media contain-
ing dispersed heterogeneities particularly crucial for their
design.

The propagation of LWs in composites made of scatterers
randomly dispersed in an elastic matrix has been the sub-
ject of experimental studies [8,9], consistent with theoretical
predictions [10]. On the contrary, a similar experimental in-
vestigation has yet to be reported for SWs. This is why here
we focus on the propagation of coherent SWs through scat-
tering materials made of dense spheres randomly dispersed
in a viscoelastic matrix. Such scatterers indeed display strong
low-frequency (not Mie) resonances due to their large mass
density contrast with the matrix, which allows us to investigate
the propagation of SWs undergoing intense scattering [11,12].
Using a recently developed technique [13], we reproducibly
measure the argument and phase of the stress reflection coef-
ficient R and of the square of the transmission coefficient T 2

of coherent SWs at normal incidence by slabs of such com-
posite materials. Using a Fabry-Pérot interferometer model
of propagation through the slab, we determine both the ef-
fective complex wave number keff of coherent SWs and the
effective mass density ρeff of these composites as a func-
tion of frequency f = ω/(2π ). These quantities are compared
with a model of multiple scattering of electromagnetic waves
(EMWs) by randomly dispersed spherical scatterers adapted
to SWs.

Composites are made of monodisperse tungsten carbide
hard spheres with a mass density ρp = 14.95 × 103 kg m−3

and radius a = 198.5 μm embedded in an epoxy resin with a
mass density ρc = 1142 kg m−3 and complex shear modulus
μc � (1.6 − 0.06 j) GPa [14]. The resonant scattering behav-
ior of rigid, heavy beads embedded in an elastic matrix can be
understood as follows. As sketched in Fig. 1(b), a SW consists
in a displacement of matter which propagates perpendicular to
its direction. When a SW reaches a dense spherical scatterer,
the latter moves relative to the matrix as the result of its
inertia and deforms the elastic matrix which resists. There-
fore, this mass-spring system displays a rigid-body translation
resonance [9,11]. The eigenfrequency of this dipolar mode
(azimuthal number n = 1) is ft = 3cT /(4πa)

√
8ρ̃ − 5/(2ρ̃ +

1) = 528 kHz, where cT = 1.21 km s−1 is the SW velocity
in the matrix and ρ̃ = ρp/ρc = 13 � 1. This corresponds to
ωa/cT � 0.5, which shows the low-frequency nature of this
resonance. The matrix around the bead experiences also a
shear that is the sum of a rotation and a stretch, as sketched
in Fig. 1(b). Consequently, the sphere also rotates differ-
ently from the matrix as the result of its moment of inertia
and it twists the elastic matrix which resists. Therefore, a
rigid-body rotation resonance is also expected. The eigenfre-
quency of this dipolar mode (n = 1) is fr = 935 kHz [12].
As sketched in Fig. 1(b), the stretch excites a quadrupolar
mode of deformation of the sphere (n = 2). Its eigenfrequency
fq = 8.6 MHz is much larger than fr as the result of bead
rigidity [15]. In the range 0.5–1 MHz, a strong scattering
of SWs is therefore expected as the result of resonant wave-
scatterer interactions.

Sample design. As sketched in Fig. 1(b), samples are man-
ufactured layer by layer according to a procedure detailed
in the Supplemental Material [14]. Once the targeted vol-
ume fraction of scatterers φ and the number of layers N
are chosen (from two to nine), the distance e between two
adjacent layers and the number of beads per layer Ns are set
so that (i) φ = 4Ns a3/(3R2d2), where d2 = (N − 1)e + 2a
is the thickness of the volume containing the spheres and
R = 25 mm the radius of the cylindrical sample, and (ii) the
average distances between two neighboring scatterers belong-
ing to the same layer or to adjacent layers are equal. This
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FIG. 1. (a) Sketch of the setup. 1, 2: Shear wave transducers.
w: Spacers. s: Screw tightening together the transducer and the
delay line. r: Three threaded rods tightening together the assembly.
(b) Sample structure. Bottom: Sketch of the action of a shear wave
on a scatterer. (c) Signals reflected (large amplitude signal) and trans-
mitted (small amplitude signal) by a φ = 2.6%, three-layer sample.

ensures that, although layered, the samples are as isotropic
as possible [14]. Within each layer, the spheres are randomly
distributed in a controlled way [14]. To avoid the spheres
to be located at the sample surface, two resin layers with
respective thicknesses d1 and d3 are added on both sides of the
sample.

Experiment. The experimental setup is sketched in Fig. 1(a)
and described in detail in Simon et al. [13]. It consists in
a delay line/bond/composite slab/bond/delay line assembly
through which shear waves propagate. Ensuring a repro-
ducible mechanical contact between the sample and the delay
lines usually constitutes an issue for accurate shear wave
measurements. This is solved here by (i) fixing the bond
layer thickness using a 0.1-mm-thick brass washer playing
the role of a spacer, (ii) cooling the assembly to 5 ◦C, which
importantly ensures a steady transmission by the bond layer
after a few hours, and (iii) determining beforehand the rheo-
logical properties of the Olympus SWC-2 viscoelastic bond
at 5 ◦C [16]. SWs are emitted and received using Olym-
pus V152 planar, 1-in.-diam, 1-MHz central frequency shear
wave transducers. R and T 2 are quantitatively determined
by combining the measurements of broadband signals re-
flected and transmitted by the assembly in each direction
and measurements of the calibration signals reflected by the
free surfaces of each isolated delay line [13]. The frequency
range of confidence in the measurements is 0.4–2 MHz
[14].

(a)

(b)

FIG. 2. Variations as a function of frequency of (a) the magnitude
and (b) the phase of the stress reflection coefficient R of shear
waves (blue curve with decimated solid square symbols) and of
the square of the stress transmission coefficient T 2 (green curve
with decimated solid triangle symbols) for a φ = 2.6%, three-layer
sample. Red dashed curves: Reconstructions of R and T 2 over the
frequency range of confidence in the measurements 0.4–2 MHz using
keff determined by fitting a 1D Fabry-Pérot interferometer model
to T 2.

Effective wave number. The magnitude and phase of R
and T 2 are plotted as functions of frequency in Fig. 2
for a φ = 2.6%, three-layer sample. The effective wave
number keff is deduced from T 2 by modeling the delay
line/bond/resin/composite/resin/bond/delay line assembly
as a one-dimensional (1D) Fabry-Pérot interferometer (here-
after referred to as the seven-layer interference model and
detailed in the Supplemental Material [14]) and solving an in-
verse problem according to a procedure presented in Ref. [13]
with keff as the only free parameter. We stress that (i) keff

is deduced from T 2 only because R has been observed to
depend weakly on keff, and (ii) for solving this inverse prob-
lem, the mass density of the composite is taken equal to
the mass density of the matrix ρc. The use of this ansatz
is justified by the empirical observation that the deduced
keff weakly depends on the guess value of the composite
mass density. The accuracy of the determination of keff and
the validity of the 1D model are demonstrated through the
coincidence between the reconstruction of R and T 2 us-
ing the value determined for keff and their measurements
in the whole frequency range 0.4–2 MHz, as shown in
Fig. 2.

The variations versus frequency of the effective phase ve-
locity ceff = ω/Re(keff ) and of the effective attenuation αeff =
Im(keff ) of coherent SWs deduced from T 2 are plotted in
Fig. 3 for several samples characterized by φ = 2.6%, 6.5%,
and 9.7% and various values of N , together with the velocity
and attenuation in bulk resin [14]. The displayed uncertainty
results from the uncertainties on d1, d2, and d3 and from the
problem inversion procedure [13]. The propagation of SWs in
these composites displays strong dispersion and attenuation
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FIG. 3. Frequency-dependent (a) effective velocity ceff and
(b) effective attenuation αeff of coherent shear waves deduced from
T 2 compared to the TKFW model [17–19] when the modes (n =
1–5) are taken into account and when only the dipolar modes are used
(n = 1). Excess thickness represents the uncertainty. Dotted black
curves: Velocity and attenuation in bulk resin. Insets: Large-scale
plot of the dispersion branches predicted by the TKFW model for
φ = 9.7%, n = 1–5, and n = 1 (same quantities and units as in the
main figure).

compared to bulk resin, which increase with φ as in the case of
coherent longitudinal waves (LWs) [9]. Note the coincidence
of the curves corresponding to two different samples charac-
terized by the same values of φ and N , which demonstrates
the excellent overall repeatability of the experiment. Also
note the quantitative agreement between the curves corre-
sponding to two different samples characterized by the same
value of φ and different values of N , which demonstrates that
the detected signals actually correspond to a propagating SW.
For φ = 2.6%, both ceff and αeff exhibit two peaks around 0.6
and 1 MHz, whose central frequencies coincide with ft and
fr , respectively. Note also the jump of ceff at fr for φ = 9.7%.

measurements are experimental confirmations of the resonant
scattering of SWs associated to these two rigid-body mechan-
ical resonances. In particular, they evidence the existence of
the rigid-body rotation resonance that is excited only by SWs
and not by LWs, which has been predicted recently [12]. No-
ticeably, we observe no effect of a possible Bragg resonance
due to the plane-structured samples at the expected frequency
f = cT /(2e) � 1.3 MHz.

We now compare these measurements to models. As
shown in the Supplemental Material [14], the transverse-
to-longitudinal mode conversion can safely be neglected in
the description of the scattering of SWs in our composites.
Therefore, we expect that SWs in our case and EMWs, which
are both transverse waves, behave identically. As noted by
Foldy [20], a scalar theory of multiple scattering does not
apply to transverse waves because their behavior is described
as the propagation and the scattering of two vectorial po-
tentials (called Hertz potentials in EM) [21,22]. We use the
model of the propagation of coherent EMWs of Tsang and
Kong [18,19] based on the multiple-scattering theory and on
the quasicrystalline approximation. This model, which is the
same as the model of Fikioris and Waterman [17], is hereafter
referred to as the TKFW model. We adapt this model to
SWs by replacing the EMW scattering coefficients by the SW
scattering coefficients corresponding to the first five modes
(n = 1–5) [12]. keff( f ) is computed by setting to zero the
determinant of the system defined by Eqs. (47) and (48) in
Ref. [18]. For φ = 2.6% and 6.5%, a single dispersion curve
is predicted which is in quantitative agreement with the mea-
sured velocity and attenuation with no adjustable parameter,
as shown in Fig. 3. For φ = 9.7%, two dispersion curves
labeled branches A and B are numerically found (see Fig. 3
and its insets), whereas only one dispersion curve is experi-
mentally detected. However, at low frequencies the measured
velocity and attenuation are observed to coincide with branch
A, which has the lowest attenuation in this frequency domain.
Conversely, at high frequencies they coincide with branch B,
which has the lowest attenuation in that domain. The tran-
sition occurs precisely at the rotation resonance where the
attenuation curves of branches A and B intersect. Even if
both modes actually propagate, it is reasonable to assume
that only the mode with the smallest attenuation is detected,
i.e., with the largest energy after its propagation through
the sample. This would explain the velocity jump at fr . We
conclude that the TKFW model is valid up to φ = 9.7%.
Finally, as shown in Fig. 3, implementing only the scattering
coefficients corresponding to the dipolar modes (n = 1) in
the TKFW model results in only one dispersion curve and in
a worse agreement with experiment. This demonstrates that
the quadrupolar deformation mode (n = 2) plays a decisive
role in the appearance of two dispersion branches even far
away from its eigenfrequency. This recalls the occurrence of
two dispersion branches for acoustic waves propagating in
concentrated colloidal suspensions of hard spheres (φ > 30%)
in the ka ∼ 1 frequency range (k is the acoustic wave number
in the liquid), that is driven by Scholte-Stoneley interfacial
waves excited along the sphere-liquid interface [23–25].

Effective mass density. The effective mass density of
the composite ρeff can be seen as ρeff = 〈 f 〉

〈a〉 , where 〈 f 〉
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is the spatial average of the force density exerted on the
composite material and 〈a〉 the spatial average of the material
acceleration. Its deviation from the static value can be ascribed
to the resonant response of the scatterers and is expected to
be large in the case of dense scatterers embedded in an elastic
matrix. In the harmonic regime, the resonant oscillation of the
scatterers is responsible for an amplification of the amplitude
of the scatterer oscillations and a phase lag between the
excitation and their motion and results in both the variation
of the Re(ρeff ) and the appearance of Im(ρeff ). Once keff is
known, ρeff can in principle be determined by fitting the seven-
layer interference model, in which the wave number of the
composite is taken equal to keff, to the measured coefficient R
with ρeff as the only free parameter. Here, we do not consider
T 2 since we have observed that R is much more sensitive
to ρeff than T 2. The fit of R by the seven-layer interference
model is actually extremely sensitive to the uncertainties on
the values of d1, d2, and d3 for a given value of the overall
sample thickness d1 + d2 + d3 measured using a precision
caliper. To improve the accuracy of the fit, we fabricated
samples with larger values of d1, d2, and d3 [14]. The increase
of d2 results in the extinction of the signal reflected by the
composite-resin and resin-bond-Dural rear interfaces. Thus,
regarding its reflection, the composite can be safely consid-
ered as semi-infinite and the layered medium as a four-layer
medium (delay line/bond/resin/composite). Consequently,
its model detailed in the Supplemental Material [14] depends
only on d1, which reduces the uncertainty on ρeff. The increase
of d1 allows us to evidence a coherent signal backscattered by
the resin-composite interface that is clearly distinct from the
signal reflected by the Dural-bond-resin interface, as shown in
the inset of Fig. 4(a). This confirms that the resin-composite
interface can be characterized by a well-defined coefficient
of coherent reflection. The variations of ρeff versus frequency
in the 0.4–1.2 MHz range for several values of φ are shown
in Fig. 4. While no trend emerges from the experimental
noise for φ = 2.6%, for larger values of φ, both Re(ρeff )
and Im(ρeff ) display a peak whose frequency increases with
φ from 0.5 MHz, i.e., ft . According to the TKFW model,
ρeff is expected to be affected by the rigid-body translation
resonance. ρeff is computed from the reflection coefficient at
normal incidence R given by Eq. (42) in Ref. [17] using the
relationship ρeff = ρc keff/kc (1 + R)/(1 − R). The predicted
ρeff is plotted in Fig. 4. The experimental and predicted peak
frequencies of Re(ρeff ) and Im(ρeff ) are close and increase
with φ. However, the experimental peak amplitudes are larger
than their prediction. This may be ascribed to the fact that
the scatterers are distributed along planes, which results in
more constructive interferences between the backscattered
waves, thus to a larger reflection coefficient compared to a
3D random dispersion assumed by the model, as shown in
the inset of Fig. 4(b). However, these experimental results
confirm the prediction by the TKFW model of a singularity
of ρeff close to ft .

Conclusion. We reported on a measurement at a metrolog-
ical level of SW attenuation, celerity, and effective density in
strongly scattering media. The observed agreement between
the TKFW model and experiments demonstrates that this
model constitutes a proven description of the propagation of

(a)

(b)

FIG. 4. (a) Real part of the complex effective mass density ρeff

vs frequency, measurements, and model. Dotted lines: Values for
bulk resin. Inset: Signals reflected by the three samples. In the
dashed frame, the signal amplitudes are amplified fourfold. First
echo: Dural-bond-resin interface. Second echo: Resin-composite in-
terface. (b) Imaginary part of ρeff vs f . Inset: Magnitude of the
reflection coefficient of φ = 5.0% and 9.6%, seven-layer samples,
measurements, and model.

SWs in strongly scattering elastic materials in the ωa/cT ∼ 1
frequency range. This also validates the TKFW model for
EMW. In addition, we have revealed the signature of two
dispersion branches that are predicted by the TKFW model,
whose physics remains to be elucidated. Finally, we believe
that these easy-to-make composites, which display a large at-
tenuation and dispersion for SWs around their low-frequency
resonances, should be also effective in damping Rayleigh
and Lamb waves and show promise for structural vibration
absorption or antiseismic protection.
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